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BpeMeHu
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noHegensHuK, 14 ®espanb 2022, 14:05
3 4ac. 59 MUH.

67,00 13 100,00

Bonpoc

Nudo

YBaxaeMbin yyacTHUK Onumnuagbl!

Ha BbINonHeHne TecTta 3aknounTensHOro atana oTBoanTCs 230 MUHYT NAKOC 15 MUHYT Ha COXpPaHEHUe U NPUKPENNEHNE PELLEHUN.

Pa6oTta aBTomatnyeckn otnpaeutca B 14:05 no MockoBckoMy BpemeHu. OKHO Tarimepa Bbl yBuanTe B BEpXHEN YacTu pabo4dero
3KpaHa.

Bonpocbl TexHuveckoro xapakrtepa Bbl MoxeTe 3agaTtb HabniogaTtento B 4aTe (OKOLLKO BHU3Y B MPaBOW YacTu akpaHa). Ecnv Bam
notpebyeTcsa BbINTU B TyaneTHY0 KOMHaTy, OCTaBbTe B YaTe C NMPOKTOPOM COOBLLEHNSA O BpEMEHN BbIXOAa U BPEMEHU
BO3BpaLleHuns (Hanpumep, "12:04 - Bbiwen"). OTBET OT NPOKTOpPa XAaTb NPy 3TOM HE HY>KHO.

BapuaHT 3aknounTenbHOro atana cocTouT U3 5 3agay. PelueHne kaxgon 3agaym Bel moxeTe
a) NOJHOCTLIO 3anucaTth B Nose oTeeTa (Npy HEOBXOANMOCTM MOXHO MPUKPENUTL MNOSICHAOLWLMIA PUCYHOK),

6) nonHocTb HabpaTb B TEKCTOBOM peakTope C peaaktopom opmyn, npeobpasoBaTtb B popmart pdf n npukpenuTb
nonyumsLummncs dann. Ecnu y Bac HeT BoamoxHOCTU npeobpasoBath pelleHue B pdf, Bbl MoxeTe caenartb CKPUHLLOT 3KpaHa
(kHonka PrtScn Ha KnaBuaType uUnm BCTPOEHHbIN cepBuUc "HoXHULBI") 1 NPUKPENnTb ero.

O6patuTe BHUMaAHWE, K KaXKOoW 3a4ade MOXHO NPUKPENUTL TONbKO OAMH dhals, HazBaHWe KOTOpPoro hopmupyeTcsa no npaBuny
ol22*****_N, rge ol22***** _ Baw noruH, N - HOMep 3agaun.

B TekcTax peLleHnin, NpUKpenneHHbIX N300paxeHnsax n dannax He JOMKHO BbiTb HUKAKOW NepcoHarnbHOW nHopmaumm!

Bo BpeM4 BbINMOJIHEHNA BapMaHTa Ha KOMMbOTEpE MOXHO MOJ1b30BATbCA TOJIbKO TEKCTOBbIM peOaKTOPOM U BCTPOEHHLIM CEPBMCOM
co3gaHunA I/1306pa>KeHI/Il7I. l—IepHOBoe peweHne MOXHO BbIMNOJTHATb Ha 6ymare, paCI'IOJ'IO>KeHHOIZ B nosrne snanMocCTu Be6—KaMepr.



https://talant.spbu.ru/moodle/user/view.php?id=48316&course=2084

Bonpoc 1
BbinonHeH

Bannos: 20,00
13 20,00

Ha xapTunke HapHCOBAHO HECKOJBKO KPYKOUIKOB, COSTUHEHHBIX OTpe3kaMu. KocTa BeiOMpaeT HATY-
pPATBLHOE THUCJ0 N U PACCTABISIET B KPYKOUKAX PA3IUIHBIC HATYPAJILHBIE 9HCIA TaK, 9TOOBI /19 BCEX
ITUX YUCEJI BBIMOJIHAIOCH CBOUCTRO:

ecat wucaa a u b we coedunenv. ompesxom, mo cymma a + b doasicna buems 63aummno npocma ¢ n, a
ecau coedunemst, mo wucaa a + b u n doasichvl umems 0bwull HAMYPAALHBLT deaumens, boabuiuti 1.
[Ipu KaKOM HAMMEHBLITIEM T CYIIECTBYET TaKas PAcCTaHOBKA~

OTBeT: n=15.

OugeHka:
FAcHo, 4YTO Yncna coeanHeHbl OTPE3KOM TOrAda M TONMbKO TOrAa, Korga MX cyMMa He B3auMHOMPOCTa C n.

IMycTb a - YMCIO B BEPXHEN BEPLUMHE, b, ¢, d, e - YMCna, B BEpLUMHAX, CNeayoLMX 3a BEPXHEN MO YaCOBOW CTPErKe.
FAcHo, 4To n=1 He NoaXoauT, TaK Kak Toraa nbas cyMma B3avMHOMpPOCTa C n U He AOMMKHO ObiTb NpoBeaeHO HM ogHoro pebpa.

[okaxem, 4To nNpocThble n He NoaxoaaT. Ecnu n - npoctoe He BbiTb B3aMMHOMPOCTLIM C n - 3TO B TOMHOCTU AeNUTbCA Ha n. Toraa b=-
a(mod n), c=-b=a(mod n), d=-c=-a(mod n) n e=-b=a(mod n). Tak kak ecTb pebpo ea, To 0=a+e=2a mod(n). Ho a+c=2a (mod n). To ecTb
OOJIMKHO ObITb pebpo ac, HO ero HeT. lNpoTuBopeYme.

AHanorn4yHo, n He MOXeT BbITb CTEMEHbIO MPOCTOro Yncna. JeMcTBUTENbHO, ecrin n=p”t, TO He BblTb B3AUMHONPOCTLIM C n - 3TO B
TOYHOCTU OennTbCA Ha p. 3HAYUT, CHOBa a=-b=c=-d=e mod(p) 1, T.K. pebpo ae - npoBeaeHo, O=a+e=2a=a+c mod(p). To ecTb a+c He
B3aMMHOMPOCTO C n 1 JOSMKHO ObITb NpoBeaeHo pebpo ac. NMpoTmeopeume.

[okaxxeM, YTO YeTHble n He NoaxoadaT. [ycTb n YeTHO. 3aMeTUM, YTO Cpeam Ymncen a, b, ¢, d, e ecTb xoTa 6bl TPM OQHOM YETHOCTYU (Tak
KaK, eCnm yncen Kaxaowm YeTHOCTU He Bonee AByX, BCero Yncen He 6onee yetbipex). Mexay uncnamm ogHom YeTHOCTU 06si3aHbl
ObITb NPOBEAEHbI OTPE3KM, TaK KaK MX CyMMa - YETHA U n - YETHO, TO €CTb Y N 1 3TON CyMMbl €CTb 00LLMI genuTens - 2. 3HauuT, Ha
HaLlen KapTUHKEe OOIMKEH HAUTUCh TPEYTOSbHUK U3 NPOBEAEHHbLIX OTPE3KOB C BEPLUMHAMM B CYLLIECTBYIOLLMX, MO JOKAa3aHHOMY
paHee, Tpex BepLuMHax ogHom YeTHocTu. Ho TpeyronbHUKOB HeT. lNpoTnsopeyme.

W Tak, Mbl TOHMMaeM, YTO Tak KaK YMCrO n - HE MPOCTOE U He CTeneHb NPOCTOro, OHO AeNUTCA XOTsi Obl Ha ABa Pa3nnyHbIX MPOCTbIX
yucna p 1 q. lNpw 3TOM, HU OLHO K3 3TUX MPOCTbIX HE PaBHO 2. 3HAYUT n>=3*5 =15,

Mpumep Ha n = 15:
a=4, b=11, ¢=10, d=15, e=6.




lMpoBeprM, 4TO NPOBEAEHbI HYXHble pebpa:
a+b=15, b+c=21, c+d=25, d+e=21, e+a=10. Bce 311 yncna nmetoT ¢ 15 oOLLMI aennTenb, 6onbLUNN eguHULbI.

[MpoBepuMm, YTO HE NPOBEAEHBI NULLHKE pebpa:
a+c=14, a+d=19, b+d=26, b+e=17, c+e=16. Kaxxgoe n3 aTux ymcen B3anMHoONpocTo ¢ 15.

Tak kak Bcero nap BepLuvH 5*4/2 =10, Mbl nepebpanu Bce napsbl.

KommeHTapuii:




Bonpoc 2
BbinonHeH

Bannos: 20,00
13 20,00

[pu z,y, 2z € (0, 1] maiinre MUHAMATLHOE 3HAYUECHUE BHLIPAYKEHIST

A= (x+2y)vVer+y—zy+ (y+22)Vy+z—yz+(z+2x) vz +x — 2z

Ty +yz + zx

sqrt(p) - KOpeHb KBagpaTHbIV 13 p,
cbrt(p) - kybrnyeckuin KopeHb 13 p,
p/ - p B CTEneHun t.

OTBeT: 3.
[okaxeMm, 4To (4yncnurene) >= 3*(3HameHaTesnb). imeeM nNpaBo Tak AenaTb, Tak Kak BCe Yncna nosioknTenbHbl.

Tak Kak x<=1, y>=xy, TO €CTb y-xy>=0, a x+y-xy>=x. 3Ha4m1T, sqrt(x+y-xy)>=sqrt(x). AHANOrM4yHoO norny4vaem, 4To sqrt(x+y-xy)>=sqrt(y).
Torga (x+2y) * sqrt(x+y-xy) = x*sqrt(x+y-xy) + 2y*sqrt(x+y-xy) >= x*sqrt(y) + 2y*sqrt(x).

Hokaxem, 4to x*sqrt(y) + 2y*sqrt(x) >= 3xy.

Mo HepaBeHCTBY O cpegHux Ans Habopa (x*sqrt(y); y*sqrt(x); y*sqrt(x)), x*sqrt(y) + 2y*sqrt(x) >= 3cbrt(x*sqrt(y) * y*sqrt(x) * y*sqrt(x)) =
3 *x7(2/3) * yA(5/6) >= 3*x*y, Tak KaKk x(2/3)>=x un y(5/6)>=y (Muncno, nexatyee OT HyNsA 40 eOUHNULbI NPY BO3BEOEHUN B CTEMNEHD,
MEHbLUYH eaNHWLbI, HE YMEHbLUAeTCs).

To ecTb Mbl JoKasanu, 4To (x+2y) * sqrt(x+y-xy) >= x*sqrt(y) + 2y*sqrt(x) >= 3xy.
lMpogenas aHanorMyHoe AoKas3aTenbCTBO, Nonyvaem, vto (y+2z) * sqrt(y+z-yz) >= 3yz n (z+2x) * sqrt(z+x-zx) >= 3zx.
CyMMupys BCe 3TU TpWU HEPABEHCTBA, NoslyvyaeM, YTo YncnmTernb >= 3*(3HaMmeHarerb), YTo 1 TpeboBanock.

PaBeHCTBO gocTuraertcs, Hanpumep, nNpu x=y=z=1.




KommeHTapwmii:




B
onpoc 3 Ha croponax BC u AD pnucamnoro uerbipexyronbuuka ABCD ormeuennt Touku K uw M coor-

BeTcTBenno, npuuem BK : KC = AM : MD. Ha orpeske KM ppibpana takag touka L, 4To
KL : LM = BC : AD. Haiiante orHOImMeHne nyioniaaei TpeyroasankoB AC'L v BDL, ecm n3BecTHO,

BbinonHeH

Bannos: 20,00
13 20,00

yro AC =pwun BD =q.




012221066_3.pdf

KommeHTapuin:



https://talant.spbu.ru/moodle/pluginfile.php/174686/question/response_attachments/44222/4/882939/ol2221066_3.pdf?forcedownload=1

Bonpoc 4
BbinonHeH

Bannos: 5,00 13
20,00

HarypanbHoe 4ncio @ B cucTemMe CInCIeHus ¢ ocHopanueM 7 (7 > 3) uMmeer BUJ DPqq, mpudeM ¢ = 2p.
Oxa3zasioch, 9TO T-WYHASA 3alNCh YNCTA T2 TIPeACTaBIgeT cobOi CeMU3HAYHBIN TATWHIPOM € TPeMs
OHAKOBBIMHA cpeauMu g pamu. (TTaauHIpOMOM HA3BIBAETCH YHCI0, KOTOPOE YHTAETCS OJHHAKOBO
cJleBa HAIPABO W CIPaBa HAJIEBO). IIpu Kakux r Takoe BO3MOXKHO?

3amMeTunM, YTO TakK Kak q=2p, p<=(p-1)/2
x=p*(r3+r12) + 2p*(r+1) = p(r+1)(2+r2). Torga x"2=p"2(r"6+2r"5+3r\4+4r"3+6r"2+8r+4). S3HaAUUT, p~2<=r-1. (MHa4e, yncno x"2 nmeet
XOTS 6bl 8 3HAKOB B r-M4YHOM CUCTEME). 3HAUUT, NepBas umdpa B r-M4HOM 3anmncu x 2 - 1o p2.

MycTb xA2=abcccba (a, b, ¢ - UM pPbI B r-M4HON CUCTEME).
xA2=a(1+r26)+br(1+r24)+cr 2 (1+r+r12).
a = p\2 N0 AoOKa3aHHOMY Bbllle. 3aMeTUM, YTO T.K. a - nocneaHasa umdpa, 7o a=q”2(mod r), To ecTb p~2=4p”~2(mod r) n 3p~2=0(mod

r).

Tak kak pA2<=r-1, 0<3p~2<= 3r-3<3r. Tak Kak 3p~2 gennTcd Ha r, 3p~2 - aTO r UNu 2r. B kKaXkgom 13 cnyyaes noryvaem, 4To r 4enuTcs
Ha 3.

Ecnu r=3, To Tak kak 0<p<=(r-1)/2, p=1, g=2.

x = 4*11, xA\2=16*121=1936 > 3/77. 3HAUUT, x2 UMeeT XOTH Obl 8 3HAKOB.
3Ha4unT, r>3 1 genuTca Ha 3. r>=6

MycTb r=3t

0 = x"2 = 2a-2b+c mod(1+r)
3ameTuMm, YTto -(1+r)<4-r<=2a-2b+c<=3(r-1)<3(r+1)
3HauuT, 2a-2b+c - 310 O, 1+r unn 2*(1+r).

PaccmoTpum aBa crniyyvas.
1) 3p~2=r. t=p"2

MNocmoTpMM Ha npaBble ABe LUMdpbl B 3anmcu x 2.
a+br = 4p~2+8rp~2 mod (r2)

pA2+b*3t = 4p/A2 + 24tp~2 mod(9t/2)

t+3bt = 4t+24t"2 mod(9t"2)

b=1+2t mod(3t).

Mpwn aTom b<=r-1= 3t-1.

3HauuT, b = 2t+1.

[MocMoTpuM Ha neByto UMpyY b B xA2. 2pA2*rA5 = 2/3 rA6 < 16, 3HAUMT, OHa B TOYHOCTU paBHa 2p/~2=2(3r = 2t
2t=2t+1. ATOT crny4am HEBO3MOXEH.

2a-2b+c<=2a+c<=2/3 * r + r-1 < 2*(r+1)
3HaunT, 2a-2b+c - 310 0 UNK 1+r.




KommeHTapwii:
PelueHune He 3aBepLUeHO, OTBETA HET.




Bonpocs

BbinonHeH ,HOCK& m X n (m,n > 5) pa3pe3ana na (l)HI‘ypKH 13 IMeCTH €JHHNUYILIX KBaJAPaTHKOB BHI4 E:H]
Bannos: 2,00 13 ((bI/II‘ypKI/I MOXHO TTOBOpadYnBaTh U HepeBopa‘lHBaTb). HpH KAKUX ™ U N TaKoe BO3MOKHO?

20,00

OTBeT: Npu TakMx Napax m u n, 4To MO0 m AenuTcs Ha 4, n genuTcd Ha 3, Nnbo m AennTca Ha 3, n JenuTcs Ha 4.
M3 aByx ykasaHHbIX OUrypoK CKIlagblBaeTCsa NPSIMOYronbHUK 3 Ha 4. Ha Takne npsiMOYyrofbHUKN MOXHO pa3pesaTtb OCKY mxn Npu
yKasaHHbIX Bbille m U n.




KommeHTapui:
PaccMOTpeH nuLlb YacTHbIN cryyan.

NPEOBLIAYLWMNNA AKT. SNEMEHT CNEOYIOWNM AKT. ONEMEHT
« Bapuant 27 BapuaHT 17 »



https://talant.spbu.ru/moodle/mod/quiz/view.php?id=1390&forceview=1
https://talant.spbu.ru/moodle/mod/quiz/view.php?id=1250&forceview=1

OTBeT: p:q.

Myctb AC 1 BD nepecekatotca B Touke P, dist(L, AC) u dist(L, BD) - AnMHbI NnepneHaANKYAAPOB, ONYLLEHHbIX
n3 L Ha AC n BD cooTBeTCTBEHHO.

Toraa oTHoweHMe nnouwaaei TpeyronbHMkoB ACL 1 BDL paBHO oTHowweHuto uncen p*dist(L, AC) u
g*dist(L, BD). PaBHble yr/ibl Ha YepTeXKe OTMEYEHbI OTPE3KaMKM OHOIOo LBeTa.

Jokaxem, uto dist(L, AC) = dist(L, BD), To ecTb uTo L nexkuT Ha bucceKktpuce yrna, o6pasoBaHHOro
npambimn AC n BD.

3ameTum, uto TpeyronbHuKM ADP 1 BCP nogo6Hbl, Tak Kak yron(ADP) = yron(BCP) u yron(DAP) =
yron(CBP) 13 BnucaHHOCTM YeTbipexyronbHuka ABCD. KoadpuumneHT noaobusa - AD:BC. B TpeyrosbHMKax
ADP 1 BCP caenanu "oguHakoBble" AeNCTBUA: OTMETUAU TOYKY Ha cTopoHe (M Ha AD u K Ha BC),
OEeNALWY0 3Ty CTOPOHY B HEKOTOPOM OTHOLLEHUN (OANHAKOBOM 418 KaXK40ro U3 TPeYroibHUKOB), CHMTan
OT COOTBETCTBYIOLWMX BepwnH. OTcloga ceayeT, YTo U TpeyronbHukM APM 1 BPK Toxe nogo6Hbl (no
ABYM CTOPOHaM U yray mexay Humn: AP:BP = AM:BK (060 oTHolweHuA pasHbl AD:BC) n yron(DAP) =
yron(CBP) 13 BnncaHHOCTU YeTbipexyrosibHuKa ABCD). 3HauuTt, PM:PK = AD:BC = ML:KL. Toraa, no
CBOWCTBY bucceKTpuchl B TpeyronbHuke PMK, PL - 6uccekTpuca, To ectb yron(KPL) = yron(MPL).
3ameTum, YTO 13 BblllieyKa3aHHbIX Noaobuit cneayer, uto yron (APM) = yron (BPK) 1 uto yron (DPM) =
yron (CPK).

[anee, cunTalo, UTo TOUKa L nexkuT B TpeyrosbHUKe ABP(cm yepTexk) (cnyyai, Koraa oHa B TPeyrosibHUKe
CDP abcontoTHO aHanornyeH).

WTakK, yron(KPL) = yron(MPL) n (APM) = yron (BPK). 3HauuT, yron(KPL) - (BPK) = yron(MPL) - yron (APM).
To ectb yron(BPL) = yron(APL). 3HauuT, TouKa L AeNCTBUTENbHO NEXUT HA BUCCEKTpUCE YyINa,



obpasoBaHHoro npsmbiMm AC 1 BD, To ecTb paBHOYyZa/ieHa OT 3TUX ABYX NPAMbIX, YTO M TPeb6oBaNOCh
[AOKa3arTb.
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