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Bonpoc MH(bO

YBaxaembIin y4yacTHUK Onumnuagbi!

Ha BbinonHeHne TecTa 3aknioumMTenbHOro atana otBogmTcest 230 MUHYT Ntoc 15 MUHYT Ha COXpaHeHMe 1 NpUKpenneHne peleHnin. Pabota
aBToMartumyeckun otnpasutca B 14:05 no MockoBckomy BpeMeHu. OKHO TariMepa Bbl yBuagnTe B BepxHen Yactu pabodero akpaHa.

Bonpocbl TexHu4eckoro xapaktepa Bbl MoxeTe 3agatb HabnogaTtento B YaTe (OKOLLKO BHM3Y B MpaBoW YacTu akpaHa). Ecnu Bam notpebyetca
BbINTW B TyaneTHYH KOMHATY, OCTaBbTE B YaTe C MPOKTOPOM COOBLLIEHNSA O BPEMEHU BbIXOAa U BPEMEHW BO3BpaLLeHust (Hanpumep, "12:04 -
Bbiwen"). OTBET OT NPOKTOpa XAaTb NPU 3TOM HE HYXHO.

BapuaHT 3aknounTenbHOro atana coctouT U3 6 3apgad. PelueHne kaxgon 3agaym Bel moxeTte
a) NOMHOCTbIO 3anuncaTth B Nore oTeeTa (Npu HEOBXOAMMOCTU MOXHO MPUKPENUTb MOACHAIOLLIMIA PUCYHOK),

0) nonHocTbIo HabpaTb B TEKCTOBOM pefakTope ¢ pegaktopom hopmyn, npeobpasoBath B popmMaT pdf 1 npukpenutb NonyymBLUMACS pann.
Ecnu y Bac HeT Bo3aMOxHOCTM NpeobpasoBaTthb pelleHue B pdf, Bol MoXeTe caenaTtb CKpUHLLOT akpaHa (KHormka PrtScn Ha knasuatype unm
BCTPOEHHBIN cepBUC "HOXHULBI") 1 NPUKPENUTL €ro.

O6paTtuTe BHUMaHKWE, K KaXX40W 3aade MOXHO MPUKPENUTL TONbKO OAMH halin, Ha3BaHWe KOTOPOro hopMmpyeTecs No npaBuiny ol22*****_N roe
ol22***** _ Baw noruH, N - HOMep 3agauun.

B TekcTax peLleHun, NpUKPEneHHbIX N300paxKeHNsIX U darinax He JOMKHO ObITb HMKAKOW NepcoHansHoON nHdgopmaumm!

Bo BpeM4 BbINMOJTHEHNA BapMaHTa Ha KOMMbOTEPE MOXXHO NONb30BaTbCA TOJIbKO TEKCTOBbLIM PeaakKTopoOM U BCTPOEHHbIM CepBUCOM CO34aHUNA
|/|306pa>i<eH|/u7|. L-‘|epHOBOG peweHne MOXHO BbINONMHATbL Ha 6y|vlare, pacnono»(eHHoM B none snanmMmocCTun Be6—|<a|v|epb|.




Bonpoc 1
BbinonHeH

Bbannos: 20 n3 20

MeTa n Baca ogHOBpeMEHHO Bblexanu Ha caMmoKkaTax HaBcTpeyy apyr apyry. PoBHo
nocpeguHe mexay HAMK pacnonoxeH moct. [lopora ot et go mocta
actansTupoBaHHas, a ot Bacu oo mocta — rpyHToBas. M3BECTHO, YTO Mo

rPYHTOBOW JOPOre OHW e4yT C OAMHAaKOBbIMU CKOPOCTAMMU, a No acdanety MNeta
OBWXeTCS B 3 pasa ObicTpee, yeM no rpyHToBke. [eTa 3a Yac gobparncs 4o MmocTa

W, He OCTaHaBnMBasAChb, MPOAOIKMI ABMXEHME. Yepes kakoe BpeMs nocre Bble3fa OH
BCTpeTuT Bacto?

MycTb ckopocTb IMNeTn Ha rpyHTOBOW Aopore paBHa Vi, Torga ckopocTb Bacu paBHa VB. B ycrnoBum ckasaHo, YTo Mo rpyHTOBOW A40pore OHU eayT
C OONHAKOBOW CKOPOCTbIO, Toraa Vn=VB, 06o3Haunm Vn=V

Takke U3BEeCTHO, YTO Ha acdanbTe ckopocTb et B 3 pa3a Gonblue, YeM Ha rPYHTOBKe, Torda ckopocTh eTu Ha acdanste paBHa 3V
MycTb OTPE30K AOPOrU 4O MOCTa PaBeH x, B YCINOBMM CKa3aHo, YTo paccTosiHue oT Metn 4o mocTa 1 oT Bacu o mocTa paBHbl.

MycTb oguH Yac paBeH t, Torga x/(3V)=t, Tk NeTa 3a yac gobpanca go mocta. 3a ato Bpemsa Baca npoexan V*t, To ecTb (1/3)*x, T.K. OHM Bblexanu
O HOBPEMEHHO.

Hanblue oHn ByayT exaTb Ha BCTpeYy Apyr ApYry No rpyHTOBKe, Npu 3TOM paccTosiHne mexay Humu Byaget paBHo  x-(1/3)*x = (2/3)x Torga
BPEMS Yepes3 KOTOPOE OHM BCTPETATCA paBHO ((2/3)*x)/(V+V) T.K. ABMXeHME Ha BCTpedy T.e. Bpems t0 = ((2/3)*x)/2V =x/3V =t =1u4ac

Torga utToroBoe Bpemsi BCTpeYM paBHO t+t0=2t=2 yaca

OTBeT: 2 Yaca



KommeHTapumn:



Bonpoc 2
BbinonHeH

Bbannos: 20 n3 20

[aH kBagpaTHbIN TpexdneH 222 — x — 36 . HaiiguTe Bce uernble x, NPy KOTOPbIX 3HAaYeHWs 3TOro TpexyrieHa paBHbl KBaapaTy NpocToro yucna.

2(x"2)-x-36=0

D=1+4*%2*36=289=17/2

x1=(1+17)/4=4,5 x2=(1-17)/4=-4 TOrOa

2(x"2)-x-36=2(x-4.5)(x+4)=(2x-9) (x+4) nogcTaBnm 3TO B M3HAYAsNIbHOE ypaBHEHME
(2x-9)(x+4)=b”2, rae b -- npocToe Yncno

T.K. X JOIMKHO ObITb LIENbIM, TO CKOOKM B NEBOW YacCTu TOXE Lienble,

T.K b -- NpocToe, TO y Hero HeT genuTener Kpome b 1 1, Toraa y Hac noryyaercs 4To
1) cuctema: { 2x-9=b ; x+4=b

x+4=2x-9

x=13

b=17

17 -- npocTo€e Yncno

2) cuctema: { 2x-9=-b ; x+4=-b

x+4=2x-9

x=13

b=-17

(OTBET CMCTEMbI TAKOW K€ Kak OTBET NEPBON CUCTEMbI)

3) cuctema: { 2x-9=b"2 ; x+4=1

x=-3

-15=bA2 Takoro He MOXeT ObITb, CregoBaTeNbHO

y OaHHOW CUCTEMBbI HET peLLeHui



4) cuctema: { 2x-9b"2 ; x+4=-1
x=-5

19=b"2

HET Takoro NPOCTOro Yncna, KOTopoe BO BTOPOW cTeneHun aasarno 6bl yncno 19
HeT peLueHnn

5) cuctema: { 2x-9=1 ; x+4=b"2
x=5

9=b"2

b=3

3 -- NpPOCTOe YMCOo

6) cuctema: { 2x-9=-1; x+4=-b/2
x=4

8=-b\2 TaKkoro He MOXeT ObITb
HET peLUueHnn

OtBeT: x=5 b=3

x=13 b=17

P.s.
cuctema: { 2x-9=1; x+4=b"2 -- cuctema n3 AByx ypaBHEHUIN C ABYMSI HEM3BECTHbIMMU
D -- AuckpuMmnHaHT

bA2 -- b B kBagpaTte

KommeHTapuii:



Bonpoc 3
BbinonHeH

Bbannos: 20 n3 20

MonoxwTenbHble Yncna a, b v ¢ yooeneTBopstoT ycrosuto abe(a +b+¢) = ab+be+ca .
[okaxuTte HepaBeHCTBO 5(a + b+ ¢) > 7+ 8abc .

PaccmoTpum TpuBmanbHbIN criydan, korga a=b=c=1 B 3ToM cryvyae

5(1+1+1)>=7+8*1

Bocnonb3yemcs HepaBeHCTBamMu 0 cpegHeM. 3anuiiemM mx.

3/(1/a +1/b +1/c) <= kybuyecknin KopeHb (a*b*c) <= (a+b+c)/3

3/(1/a +1/b+1/c) = 3/(bc/abc + ac/abc + ab/abc) = 3/((bc+ac+ab)/abc) = (3*abc)/(bc+ac+ab)

Bocnonb3yemcs ycnoBuem abc*(a+b+c) = ab+bc+ca

Pasgenvm o6e yacTtu Ha (ab+bc+ca)*(a+b+c) (OHO He paBHO HyIHO, T.K. BCE YMCa NOMNOXUTENbHbBIE MO YCIOBUIO)
Monyunm: abc/(ab+bc+ca) = 1/(a+b+c)

lMoacTtaBum aTo:

3/(1/a +1/b+1/c) = 3* (1/(a+b+c))

Mbl 3HaeMm, uTo 3/(1/a +1/b+1/c) <= (a+b+c)/3 (M3 HepaBeHCTBa 0 cpegHeMm)

MopcTaBmM Nony4YeHHoe BbiLLe, MONyYUM:

3/(a+b+c) <= (a+b+c)/3

HJomHOoXuM 06e YacTn HepaBeHCcTBa Ha (a+b+c)*3 (oHO GonbLlue 0, NO3TOMY MOXEM JOMHOXATb)

Monyynm 9<=((a+b+c)*(a+b+c))

((a+b+c)*(a+b+c)) - 9 >= 0 cnegoBaTenbHO

a+b+c>=3 unu a+b+c<= -3, TK a,b,c nonoxuTeneHble, TO a+b+c > 0 cnegoBaTenbHO OHO HE MOXET ObITb <= -3
cnepgoBarenbHO a+b+c>=3 NoACTaBNM 3TO B HEPABEHCTBO M3 YCIOBUS, PACCMOTPUM €ro MeByt YacTb
5*(a+b+c) >= 5*%3

S5(a+b+c)>=15

BOCNOJIb3yeMCA HepaBEeHCTBOM O CpeHEM



KyOunueckuin kopeHb (abc) <=(a+b+c)/3 Bo3Beaem B ky6 0bOe YacTu, nonydmm:

abc<= ((a+b+c)*(a+b+c)*(a+b+c))/27

paccMoTpyM NpaByHo YacTb HEPABEHCTBA U3 YCMOBUS:

7+8*abc <= 7+8*(((a+b+c)*(a+b+c)*(a+b+c))/27)

Mel 3HaeM, 4To min(a+b+c)=3 ecnu 7+8*abc <= 7+8*(((a+b+c)*(a+b+c)*(a+b+c))/27) TO OHO ByAeT MeHbLUe ¥ Npu BonbLueM 3Ha4YeHUN a+b+c
Torga nogcraBum BMeCTO a+b+c -- 3

nony4ynm 7+8*abc <= 7+8*((3*3*3)/27) <= 7+8*15

5*(a+b+c) <= 15 T.e. Mbl NOMy4MM, YTO fieBas YacTb >=(6onbLue nMbo paBHa) 15, a NpaBas <=(MeHbLUe N1MbBo paeHa) 15, criegoBaTenNbHO
HepaBEHCTBO BbIMOSHSAETCS

[okasaHo.

Ps.

abc=a*b*c

<= -- MeHbLUe Nnbo paBHO

>= Oornblue nNMbo paBHO

| -- YepTa geneHus

(a+b+c)*(a+b+c) -- (a+b+c) B KBagpaTe, aHanornM4Ho ¢ Kyoom

Kybudeckuin kopeHb (a*b*c) -- (a*b*c) B cteneHmn 1/3

KommeHTapuii:



Bonpoc 4
BbinonHeH

bannos: 4 n3 20

Y Mawwu ectb 1000 6ycnHOK 50 pasnuyHbIX LBETOB, No 20 6yCUHOK Kaxaoro useTa. MNpy KakoM HauMmeHbLLeM n. Ansa nboro crnocoba cobpatb 13
BCex OYCHHOK OXepernbe MOXHO BbiGpaTh n NocnefoBaTenbHbIX OYCMHOK, CPEAM KOTOPbIX €CTb BYCUHKM 25 pasHbIX LBETOB?

B xygwem cnyyae y Hac OyayT uatm nogpsag cHadana 20 6ycuH ogHoro ugeTa, notom 20 6ycuH Apyroro uBeTa 1 Tak aanee. B atom cnydvae
4YTOObI HANTWU N NocrneaoBaTeNbHbIX OYCUH 25 pasHbIX LLBETOB HAM HY>KHO YTOObI n Obino 23*20+2=462.

Tk y Hac BygeT no 20 6ycuH 23 LLBETOB U criegytoLme 2 ByCuHbI C KOHLIOB 00s3aTenbHO OyaeT apyroro uBeTa, T.e. 25 ugerta. Ecnu y Hac Oyget
paccTaHOBKa Takas 4To nepep atum BycuHamm 6yaet ctoatb 10 6ycnH ogHoro useta 1 3a Humm Byaet ctoatb 10 BycuH TOro e LiBeTa, TO Ham
He XBaTuT 23*20+2 n OyCWH, T.K. Mbl MONy4MM 24*20 OyCcuH 1 24 LBETA, MOSTOMY HAM HY>XHO MUHUMYM 24*20+1=481 OyCuH, 4TOObI MONy4nTb 25
pasHbIx UBeToB 481 6yCMH TOYHO XBaTUT, T.K. 24 pa3HbIMU Mbl LIBETAMU MOXEM NOMy4UTb MakcumMyM 480 BYCUH(T.K. Kaxaoro y Hac 20 6ycuH)
Toraa 481-a 6ycmHa obsa3aTenbHO ByaeT Apyroro uBeTa, T.e. 25-0ro uBeTta

OTO XyOwuniA cnyyai, T.K. ecnv cpeam 20 BycuH y Hac ByaeT He 1 UBeT, a XoTA Gbl 2, TO HaM yXKe XBaTUT MEHbLLEro Y1cna n, YTobbl Nony4YnTb 25
pasHbIX LiIBETOB

Hac ke cnpalwumBaloT MMHMMansHoe n ans noboro cnocoba cobpars.

MeHbLINM KONM4eCcTBOM BYCUH Mbl CMOXEM NOMy4YnNTb 25 pasHbIX LLBETOB, T.K. paCCMOTPEHHAsn paccTaHoBKa OYCWH, T.k. B paccTaHoBke 10 6ycuH 1
LBeTa, 3atem no 20 6ycuH 23 LBeToB, 3aTeM 10 TOro e uBeTa, YTo 1 nepsble 10 6ycuH



KommeHTapuii:
PaccyxpaeHve npo 10 6ycuH ogHOro uBeTa ¢ AByX CTOPOH BbIBpaHHOIo y4acTka HeBEpPHOE, TaK Kak He JoKasaHo, YTo B ApYroM pparMeHTe Toro
Xe oxeperbs Hemnb3s 060MTUCh MEHBLUMM YACTIOM BYCHH.



Bonpoc 5
Het otBeTa

bann: 20

Toukn A; n B; — cepeauHbl ctopoH BC' n AC octpoyroneHoro TpeyronbHuka A BC, Touka M — cepeguHa otpeska A, B;. Touka H —
OCHOBaHME BbICOTbI, ONyLLEHHOM 13 BepwnHbl C' Ha cTOpoHy A B. Yepes Touky M npoBefeHbl OKPYXHOCTK, Kacatowmecs ctopoH BC n AC
COOTBETCTBEHHO B Toukax A; n B;. O603Ha4MM BTOPYH TOUKY NepeceyveHmns okpyxxHocTen yepe3 IN. lokaxuTe, uyto Toukn H, M n N nexat Ha
OO HOWN NPSIMOW.






Bonpoc 6
Het otBeTa

bann: 20

Y HaTyparnbHOro Yncna n HeT HU O[HOTO AenuTens d, YAOoBNeTBopaoLLero HepaseHeTBy n? < d* < n3. [lokaxuTe, YTO n MMeeT NPOCTON
[enuTenb, YeTBepTas cTeneHb KOToporo 6onbLue, Yem no.



OPEALIAYLWWN AKT. QNEMEHT
3akntounTenbHbin 3Tan - Maremartuka 8-9 21/22 (CKpbITbIN)

CNEOYKUWWNA AKT. SIEMEHT
BapuaHTt 12
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https://talant.spbu.ru/moodle/mod/spbuproctoredu/view.php?id=1437&forceview=1
https://talant.spbu.ru/moodle/mod/quiz/view.php?id=1313&forceview=1

