OaunMmnuaga mxkoJbHUKOB CIIOI'Y o maTtemartuke

3akmounTtenabnblii Tan. 2020/2021 yueOHblii rox.

3apanusa a1 10-11 kiaaccos

(ITpaBuUsIbHOE M MOJIHOE PEIICHUE KaXKA0M 3aauu olieHruBaeTcs B 20 6aioB)



Ouanvmnunaga mkoJbHHKOB CIIOI'Y mo maremaruke.
BaksroyuresnbHblii sran. 2020/2021 yuebusbiii rog. 10 — 11 kiaccsl.

Bapnanr 1

1. B nexomopuz kaemrazx nosocku 1 x 2021 nocmasaeno no oduol guwre. B xascdyro us nycmox
KAEMOK 3aNUCHLEAETNCHA YUCAO, PABHOE MOJYAIN PA3ZHOCTNU KOAUYECNEA PuuLer caea U cnpasa om Imot
Kaemxy. H3eecmmo, 4mo 6ce 3anuUcanHvLe YUCAL PA3AUYHDL U OMAUYHB OM HYAA. Kakxoe naumenvuwiee
KOAUMECTNBO PUWer MOHCEM bbb PACCTNABAEHO 6 KALMKAL?

OrBer: 1347.

Perenue. Ilycts n — KOIUYIECTBO pACCTABIEHHBIX (DUINIEK. 3AMETHM, 9YTO YHCJIA B MyCTHIX KJIETKAX
JIEYKAT B IUANA30HE OT 1 10 M U MMEIOT OJWHAKOBYIO 9eTHOCTh. [109TOMY Takmx 4Ymcesl MOXKET OBITH He
6oJtee ["T“] 3Ha4UT, KOJUIECTBO IYCTHIX KJIETOK HE IPEBOCXOIUT ["T“], MHAYe PACCTABJIEHHBIE B HUX
qucia OyayT HOBTOPATHCA. Torma

2021 —n < [2H] < 2, orkyma no> 2891 =1347.

[Tokazkem, aTo 3nadenue n = 1347 peanmusyercsa. Ham momoiizer paccTaHOBKA

0101...01111...1,
—_—

674 mapsr 673 aucaa

re equHUIaMu 0003HAYEHbI (DUINKHY, 8 HYJIAMU — MyCThie KaeTKu. IIpu 3ToM Ha MecTe Hy/ell OKaXKyTCs
CefyIole Yucsa;
1347,1345,1343,...,3,1. O

3ameyvanwue. [IpuBenennas B pemreHnn peaau3anus He eIuHCTBeHHA. Hampuwmep, momoiiaer u rakas:
1011011 ...0110.
Eit cooTBeTCTBYIOT ClI€IYIONMIIE GUCTA:

1345,1341,...,5,1,3,7,...,1343, 1347.

2. ITonooicumenvrvie wucaa a,b,c maxosw,, wmo a> + b2 + ¢ = 3. Hatidume mMunumasboe 3navenue
BHLPAINCENUSA
a* + vt bt 4t ct+at
2 +4ab a2 +4bc b2 +4ca’

6
5
Pemntenne. Ilo aepaBencrBam s CpeHUX

OrBer:

+4ab” 2+2a2+262  3+a2+b2 " 2(3+a2+0b2) 26— 2

4 4 4 4 4 4 2 2)2 22
at +bt _ at+b at + bt (a®>+0*)" (3 C)_l(_02+692)

AnanornaupiM 00pa30M OIEHUBAIOTCS JIBA APYTuX craraeMbix B A. CKiIaapiBas 9TV HEPABEHCTBA, MBI
HOJIy YUM

1 .. 9 9 9 1 81 6
A> - (—(a®>+0*+ 2 >—(-3 =_.
2( (o + +C)+6—a2+6—b2+6—c2> 2< "B @i+ ®)) 5

PaBencrBo peasmsyercs npu a =b=c=1. U



3. Jan pasnobedpennniti mpeyeoavhnuk ABC ¢ ocnosanuem BC. Ha npodoascenuu cmopons, AC' 3a mowy-
ky C ommeuena mouxa K, u 6 mpeyzorvnux ABK enucana oxpyosichocms ¢ uenmpom 6 mowke I,
Yepes mouxu B u I nposedena oxpyorcrocmsb, kacarouwaacs npamot AB e mouke B. Oma oxpyorc-
HOCTIL 8MopuwHO nepecekaem ompesox BK 6 mowke L. Hatidume yzon meorcdy npamoimu IK u CL.

OtBert: 90°.

B

Pemrenne. Ilycts IM u IN — meprnenaukyssapsi, onyiienasie u3 toukn | vHa AK u BK coorser-
crBeHHO. 3amerum, uro LABI = /BLI, nockoibKy mpsiMas AB Kacaercs OMUCAHHON OKPYKHOCTH
rpeyrosbauka BLI. Tlpsvas AI — Guccekrpuca yria A, a AB = AC 1o yciaoButo. 3HaUuUT, TPEYTOJIh-
nuku ABI u ACT paBabl 110 AByM cTOpoHaMm u yriy. ITosromy

LACI = ZABI = /BLI u IM =1IN,

TO ecTh npsimoyroJibuble Tpeyronbaukun CM I u LNIT pasubl. CiefjoBaTesbHO,
KC=KM—-CM=KN—-LN=KL.

[Ipsimast K1 siBisiercs buccekrpucoii paHobeapentoro rpeyroibiuka C LK, orkyna KI 1 CL. O

4. Ha docke nanucano wucao 1200. Ilems npunucan x nemy cnpasa 10n + 2 namepox, 2de n — neom-
puyamenvroe yeaoe wucao. Bacsa nodyman, wmo amo wecmepuunas 3anuch HAMYPaAbHO20 YUCAG X,
U PA3A0HCUN T HG npocmble mHoocument. Ora3arocb, wmo cpedu Hux posno déa passuwnwnix. Ilpu
KGKUT 1 910 603MOHNCHO?

OrBer: n = 0.

Pentenne. J[oroBopumcs MeCTEpUIHBIE TUCIA MHCATH B CKOOKAX, YTOOBI OTJINYATH UX OT JeCATUIHBIX.
Torma

r = (120055...5) = (120100...0) — 1 =289 - 6'0"*? — 1 =
10n+2 10n+2
=(17-6-6>" —1)(17-6-6°" + 1) = (102 - 7776™ — 1)(102 - 7776™ + 1).

Ecim n =0, To x = 101 - 103, yro nam nogxomut. Ilycrs n > 1. Samerum, 9To
102mod 101 =1, 7776" mod 101 = (77-101 — 1)" mod 101 = (—1)".

Monoxkum a = 102-7776™ — 1, b = 102 - 7776™ 4+ 1. DTu 4ncsia B3aUMHO [IPOCTHI, TAK KAK OHU HEYETHBI U
pasnnyatorcs Ha 2. Paccmorpum nBa cirydas.

1) n wemmno. Torua a nesmrcs na 101. Ho a u b ne umeror o6uiux npocrbix gesuresneii, orkyua a = 101P
[IPYX HEKOTOPOM HATYPaJbHOM p. Mbl 1Oy YuM

1017 — 1 =102 7776 — 2 = 2 (51 - 7776" — 1),



9TO HEBO3MOXKHO, IIOCKOJIbKY JIeBas 4acTh KparHa 4, a nupasas — HeT.

2) n newemnno. Torma b nemurca wa 101 u, amasoruuno, b = 1019 npu HEKOTOPOM HATYDPAJILHOM (.

[Tosromy
1019 —1 =102 - 7776",

9TO HEBO3MOXKHO, IIOCKOJIbKY JIeBas 4acTh KparHa ), a npasad — mer. [

5. B cmpane JIumonuu 68 00pauLeHuy UCnoab3yomes mouemo, docmouncmeom 6n+ 1, 6n+3, 6n+5 u
6n 4+ 7 nuacmpos, 2de n — namypaasvhoe wucro. 2Kumeab cmpanos 3auien 8 bAHE, He umesn npu cebe
HAAUYHOLT denez. Kaxyto nauboavuwyto cymmy emy me cmozym eoidams 6 banke?

OrBer: 12n2 + 8n — 1.

Pemmenne. HazoBem HaTypa/ibHOE YHUCIIO S PAAOHCUMBIM, €CTA CyMMy S OAHK MOXKET BBIILIATUTH
MOHETAMHU JIOCTOMHCTBOM TOJIBKO 61 + 3, 6n+ 5 n 6n+ 7 nuacrpos. s aoboro r =1, ..., 6n obo3HauwnM
4epe3 M, HAUMEHbIIee PA3JI0KUMOE HHCJIO, Jaolee upu Jejaenunn Ha 6n + 1 ocrarok r. lokaxkem nsa
YTBED2K ICHUS.

1) Ecaur € {1,...,6n}, smod (6n+ 1) =7, mo npu s = m, cymmy s OaHK GONAGTIUIIG CMOICEM, 4
npu s < m, — ne cmoocem. llepBoe yrBepaKenne 0O4eBUIHO: HAJ/0 BHAYAJIE BBILJIATUTD CYMMY M., &
3areM j100aBUTH HEKOTOPOE Kom4ecTBO MoHeT 110 6n + 1 nuacrpos. IIpeanosiozkum reneps, aro s < m,
¥ CyMMY S BBIIJIATUTH MOXKHO. 1Ipw aTOM mpuaeTca ncnoab30BaTh HECKOJIBKO MOHET TI0 61 + 1 mracTpos.
Y06paB BCe 3TH MOHETHI, MBI MOJIYYAM PA3IOKHUMYIO CYMMY, MEHBIIIYIO 1M, W TOXKE IAIOILYI0 OCTATOK T
npu gejernn Ha 61 + 1. DTO IPOTUBOPEYNT MUHUMAIBHOCTH M.

2) Yucaa 2k mod (6n + 1) npobezarom snavenusn {1,...,6n} npu k =1,...,6n. HeiicrBure/nnH0, HAM
JIOCTATOYHO MOKA3aTh, 9TO BCe OHH pasimunbl. Ecmm 2k — 2k’ kparwao (6n + 1), o (k — k') @ (6n + 1).
Tak xak |k — k'| < 6n, mb1 nomywaem k = k'.

OueBuHO, 9YTO CyMMbI, KpaTHbie 6n + 1, BbimiaruTh MoxkHO. Torma B cuity 1) orBerom 3agauu Gyer
max{my, ..., Mgy} — (6n +1). Haiinem nanbonbinee u3 ynucex m,. Illycrs r € {1,...,6n}. amernm, 4ro

6n+3=(06Bn+1)+2, 6n+5=(06Bn+1)+4 u 6n+7=(6n+1)+6.

B cuity 2) cymectByer eauHcTBeHHOE dncio k € {1,...,6n}, ang koroporo 2k mod (6n+1) = r. ITockoms-

Ky OCTaTK{ MOHET 10 MOIy/0 6n + 1 npuanMaior 3uadenns 2, 4 u 6, HaM HAJO MpeaCTaBUTH 2k B BHe

CyMMbl MHUHAMAJIBHOIO KOJIMYecTBA 3TuX duces. OHa peajm3yercs Tak: CKJIQJIbIBAEM HIECTEPKH, [MOKA

HE MOJIYIATCA caMoe OOJIBIIOE YUCJIO, He MpeBocxosdiee 2k, a 3areM mpu HEOOXoauMocTu 100aBsgeM 2
k+2

wm 4. B sroit cymme Oyzer [T] cinaraembix. Torma

my =2k + [E£2] - (6n +1) <2-6n+ 2n (6n+ 1) = 12n” + 14n,
IpUYeM PABEHCTBO peajm3yercs npu k = 6n. 3HaYUT, OTBETOM B 3ajat4e Oyaer

12n +14n — (6n+1) =12n* +8n— 1. O



Bapnanr 2

1. B nexomopwux kaemkar nosocku 1 X 2100 nocmasaeno no odnot duwrke. B xaotcdyro us nycmox
KAETMOK 3aNUCHLEAELTNCHA YUCA0, PABHOE MOJYAI PA3ZHOCTIU KOAUYECNEA PUuULer CAe8a U cnpasa om Imol
kaemru. HM3eecmmuo, 4mo 6ce 3anucannsle YUCAL PA3AUNHDL U OMAUYHBL Om HYyAs. Kaxoe naumenvuiee
KOAU“EeCme0 duuer mootcem 6vbimb Paccmasieno 6 kaiemrax?

Otser: 1400.

Permenue. Ilycts n — KOIUYIECTBO pACCTABIEHHBIX (DUINEK. 3AMETHM, UYTO YHMCJIA B MYyCTHIX KJIETKAX
JIEYKAT B IUANA30HE OT 1 10 M U MMEIOT OJWHAKOBYIO 9eTHOCTh. [109TOMY Takmx 4Ymcesl MOXKET OBITH He

6outee ["—“] 3HAYUT, KOJIMIECTBO MyCTHIX KJIETOK HE MPEBOCXOIUT ["T“], WHa4Ye PACCTABJIEHHBIE B HUX

2
qucia OyayT mHOBTOPATHCA. Torma

2100 —n < 2] < 2, orkyza n> A2 =13992 u n > 1400.
[Tokaxkewm, aro 3uadenue n = 1400 peanmmsyercsa. Ham momoiizer paccTaHOBKaA

0101...01111...1,
—_——— —

700 map 700 yuces

re equHUIaMu 0003HAYEHbI (DUINKHY, 8 HYJIAMU — MyCThie KaeTku. IIpu 3ToM Ha MecTe Hy/ell OKaXKyTCs
CefyIole Yucsa
1400,1398,1396,...,4,2. O

3ameuanne. [lpusenennas B pemeHnn peaju3anus He eauHcrBenna. Hampumep, momoiiger u rakas:

101101 ...101 110110 ... 110,

350 Tpoek 350 Tpoek

Eit cOOTBETCTBYIOT ClIeIyIONINE YUCIA:

1398,1394, ...,6,2,4,8, ..., 1396, 1400.

2. Ionoorcumenvuvie wucaa a,b, c maxoew, wmo a + b+ ¢ = 3. Hatidume MunuMarbroe 3navenue soipa-
HCEHUSA s s s s s
a’ +b b’ + ¢ cc+a
8ab+9—c2  8c+9—a? 8ca+9—b%

OrBer: %.

Permenue. 3amerum, 910
4(@®+b°) = (a+b)® u 9-c=B-¢c)B+c)=(a+b)(3+c).
Torma o HepaBEHCTBAM st CPETHUX

4(a® +b°) - (a+ b)? B (a+b)? —(3_6)2——0—3-}- 36
8ab+9—c2” 2a+b2+9—-c2 2a+b+3+c 9-c 9—c¢

AwnajorngsbiM 00pa30M OIEHUBAIOTCS JBA APYrux ciaraeMbix B 4A. CkiiajpiBasi 9TW HEPABEHCTBA, MbI
TIOJIY YUM

1 36 36 36 81 3
Az~ (—(a+b+0) - > 834> 2
4( (a+b+0) 9+9—a+9—b+9—c) St —(atbto 8

PaBencrBo peasmsyercs npu a =b=c=1. U



3. Juaeonanru énucannozo wemuperyzorvrnuka ABCD nepecexaromes ¢ mouke O. Ilyemv K u L —
MOUKY Nepecenenus onucarhol oxpystcnocmu mpeyzorvrure AOB ¢ npamvmu AD v BC' coomeem-
cmeenno. Hatidume ommowenue OK : OL, ecau useecmno, wmo LBCA = ZBDC.

OrBer: 1:1.
C
B

/
A

D

A

Pemrenue. Ilockosbky wyerbipexyroibiuk ABC D puucansbiii, Bepubt papercrsa Z/ BAC = /BDC u
/BCA = ZBDA. 3amerum takxe, yro ZBCA = ZBDC no yciaosuio u ZBAO = ZBLO kak yriibl,
onuparomuecs Ha oaHy jayry. Torna

/BCA =/BDC = /BAC = /BAO = /BLO.
[Tosromy rpeyrosbauk C'LO pasuobeapennsiii, To ecrb OC = OL. Kpowme toro,
/ADO = /BCA=/BDC =/20DC w /AKO =/ABO =/ABD = /ACD.

Buaunt, Tpeyrogpauku DKO u DCO paBubl 10 AByM yriam u ctopone, orkyga OK = OC. Takum
obpazom, OK = OL. O

4. Ha docke manucano wucao 12320. Ilema npunucas ® wemy cnpasa 10n + 1 mpoek, 2de n — weom-
PUUAMEADHOE Ueaoe YUucA0. Bacsa nodymas, 4mo 3mo “wemeepuuHas 3a6nuct HAMypPaiLbHO20 YUCAL T,
U PA3A0dHCUL T HG npocmoie muoscument. OKa3asoco, 4mo cpedu Hux posHo 064 passuyuHus. IIpu
KaKUT 1 9MO 803MOHCHO?

OrBer: n = 0.

Penrteunne. J[oroBopuMcs 9eTBEPUIHbIE THUC/IA TTHCATH B CKOOKAX, YTOOBI OT/IMYATH UX OT J€CATUIHBIX.
Torma

x=(1232033...3) = (1232100...0) — 1 =441 -4- 410" — 1 = (42 1024" — 1)(42 - 1024" + 1).
10n+1 10n+1

Ecmu n =0, ro x = 41 - 43, uro nam nogxoaur. [Iycrs n > 1. Bamerum, 41o
1024 mod 41 = 322 mod 41 = (—9)*mod 41 = —1, orkysa 1024"mod 41 = (—1)".

[Momoxkum a = 42 - 1024™ — 1, b = 42 - 1024™ 4+ 1. DTu 9ucja B3aUMHO ITPOCTHI, TAK KAK OHU HEYETHBI U
pasnmuatorcd na 2. Paccmorpum gsa ciaydgas.

1) n wemno. Torpa a nenurcs na 41. Ho a u b He umeror obuux 1pocTbix geiureseil, orkyua a = 41P
[IPYX HEKOTOPOM HATYPaJbHOM p. Mbl 1Oy YuM

417 —1=42-1024" —2 =2(21-1024" — 1),

4TO HEBO3MOXKHO, IIOCKOJIbKY JIeBas 4acTh KparHa 4, a upaBas — HeT.



2) n newemno. Torna b mesurca va 41 u, anasorudno, b = 419 upu HEKOTOPOM HATYPAJILHOM ¢.

[Tosromy
419 — 1 =42 -1024",

9TO HEBO3MOXKHO, TIOCKOJIbKY JIeBas 9aCTh KpaTHA ), a nmpaBad — Her. [

5. B cmpane JIumonuu 8 00pauLeHus UCNOAL3YOMCS Mowemv, docmouncmeom 6n+ 1, 6n +4, 6n+7 u
6n + 10 nuacmpos, 2de n — namypasvroe wucro. 2Kumeav cmpanss 3awen 68 baHK, He umes npu cebe
HAAUYHOLT denez. Kaxyto nauboavuwyto cymmy emy me cmozym eoidams 6 banke?

OrBet: 12n2 + 14n — 1.

Permmenune. HazoBem HaTypa/ibHOE YHUCIIO S PAAOHCUMBIM, €CITA CyMMy S OAHK MOXKET BBIILIATUTH
MOHETaMU JJOCTOUHCTBOM TOJIBKO 6n+4, 6n+7 u 6n+ 10 unacrpos. g soboror = 1,.. ., 6n oboznauum
4epe3 M, HAUMEHbIIee PA3JI0KUMOe HHCJIO, Jaolee upu jejaernunn Ha 6n + 1 ocrarok r. Jokaxkem nsa
YTBEPAKICHUSI.

1) Ecaur € {1,...,6n}, smod (6n + 1) = r, mo npu s = m, cymmy s 6aHK LNAGMUME CMONCEM,
npu s < m, — ne cmoocem. llepsoe yrBepaKienne O4eBUIHO: HAJ/0 BHAYAJIE BBILJIATUTD CYMMY M., &
3aTeM J100aBUTH HEKOTOPOE KOJIMYIECTBO MOHET 1o 6n + 1 muactpos. Ilpeanosoxkum tenepsb, 910 s < m,
U CyMMY S BBIIJIATUTH MOXKHO. 1Ipw 3TOM mpuaeTca ncmnoab30BaTh HECKOJIBKO MOHET TI0 61 + 1 mracTpos.
Y06paB BCe 3TH MOHETHI, MBI MOJIYYAM PA3IOKHUMYIO CYMMY, MEHBIIIYIO 1M, W TOXKE IAIOILYI0 OCTATOK T
1pu geneann Ha 61 + 1. DT0 IPOTUBOPEYUT MUHUMAIBLHOCTH M-

2) Yucaa 3kmod (6n + 1) npobezarom snavenus {1,...,6n} npu k =1,...,6n. HeilicrBure/nbH0, HAM
JIOCTATOMHO 110KA3aTh, 4TO BCe OHM pasiudnbl. Ecau 3k — 3k’ kparno (6n + 1), ro (k — k') : (6n + 1).
Tak xak |k — k| < 6n, mbl noayuaem k = k'

OueBuHO, 9YTO CyMMbI, KpaTHbie 6n + 1, BbimiaruTh MoxkHO. Torma B cuity 1) orBerom 3aauu Gyzer
max{my,...,mgn}t — (6n+ 1). Haiinem naubonbwee u3 aucen m,. [ycrs r € {1,...,6n}. Bamerum, uro

6n+4=(6n+1)+3, 6n+7=(6n+1)+6 u 6n+10=(6n+1)+09.

B cuny 2) cymecrByer eguHcTBenHOE uncio k € {1,...,6n}, qua xkoroporo 3kmod (6n + 1) = r. Ilo-

CKOJIbBKY OCTAQTKH MOHET 10 MOAYJI0 6n + 1 npunumaror 3Hadvenud 3, 6 u 9, Ham HAI0 npeacTaBuTh 3k B

BHJIE CyMMbI MUHUMAJIBHOIO KOJIMYecTBa 31ux ducesa. OHa peasu3yercs Tak: CKIAJIbIBAEM JEBATKH, [OKA,

HE I[OJIy4dTCs camoe OOJIbIIoe Yucio, He npesocxojsdmniee 3k, a 3areMm npu Heobxomumocru jodasiiseM 3
k+2

niau 6. B aroit cymme Oyner [T] cnaraeMbrx. Torma

my = 3k + [E2] - (6n+1) < 3-6n+ 2n (6n+ 1) = 12n” + 20n,
[IPpUYEM PABEHCTBO peasiudyercd npu k = 6n. 3adur, OTBETOM B 3aja4e Oyjaer

12n% +20n — (6n+ 1) = 12n* + 14n — 1. O



Bapuanr 3

1. Ilpu KaKkux HAMYPEALHBLT N KAEMYGMY 00CKY 1 X 1. MONHCHO Pa3pe3amob Ha keadpamo, 1 X 1 u 2 X 2
MaK, 4mo Keadpamos PasHuLL Pa3mepos bydem nopoehy?

OrtBert: BCe N > 5, KPATHDBIE J.

Penrenune. llycTh mocky MOXKHO pa3pe3aTh Ha m KBaapaToB 1 X 1 mw m xBaapartos 2 x 2. Torma
5 5 . . 2
n? =m+4m = 5m, orkynan® : 5un : 5 am= . 3HauuT, HAM HEe IOJXOJAT 7, KOTOPbIE HE JeJIATCs
Ha 5.

IIycts n : 5. 3amerum, 9To npu n > 10 JOCKY 7 X n MOXKHO pa3pe3aTh Ha KBaApaTel padmepa 10 x 10 u
15 x 15. IlosToMy HaM JOCTATOYHO MPOBEPUTH, UYTO N = 10 mw n = 15 y/IOBJAETBOPSIOT YCIOBUIO 3aa4U, &
n = 5 — uer. Ilpu Takux n HA JOCKE N X N oMenaercd MakcumyM 25, 49 u 4 HeHaseraomux KBaIpaToB
pasmepa 2 X 2, a Tpebyerca ux 20, 45 u 5 coorsercrsenno. Torma ciyuait n = 5 me noaxozur. Ilpu
n = 10 u n = 15 moxkuO BbIpe3aTh coorBercrBeHHO 20 u 45 KBaApaToB pasmepa 2 X 2, a OCTABIIYIOCSH
9aCTh JOCKU pa3pe3arh Ha OJWHOYHBIE KiIeTKu. 3Haqdut, n = 10 u n = 15 yaoBaeTBopsioT ycaouio. [

2. Ionoosrcumenvrvie wucaa a, b, c maxosw, wmo a’b+ b*c + ca = 3. Hatidume MUnuMasvHOe 3HAYEHUE
BHLPAIICEHUSA

A=ad"b+bc+ca+ab®+ b + ca®.
OrBer: 6.

Pemntenne. Ilo nepasencrsy Ko
A= (a7b + ab3) + (b7c + bc3) + (c7a + ca3) >2 (a4b2 +v* P+ c4a2) > % (a2b + b+ c2a)2 = 6.
PagencrBo peamusyercs mppu a =b=c=1. 0O
3. an nepasrnobedpernvili ocmpoyzorvhoili mpeyzosvhur ABC. B nem nposedenvs svicomv, BBy u CCy,
nepecexaroujueca 6 mouke H. Oxpyostcnocmu wy uwy ¢ yenmpamu H u C coomeememeento Kacaomcs

npamot AB. U3 mouku A k wy u wy nposedens, Kacameavhoie, omauswnovie om AB. Q603HavuM MOUKUY
UL KGCAHUA € IMUMU 0KpYsrcHocmamu weped D u E coomeemcemeenno. Hatidoume yzon B DE.

OrBer: 180°.

Pemmenne. Ilockosibky mpsimoyroJibabie rpeyrojbiukuy ACC; u ACE paBHbL 110 KATery U IHIO-
renyse, upamas C'A — Ouccekrpuca papaobeapenHoro rpeyroJbauka CyCFE. Ilosromy oHa sp/isiercs
CepeIMHHBIM TepIeHIuKyIsipoM K orpe3ky C1F, 1o ectb Touku C) u E CUMMETpPUYHBI OTHOCHTEIHHO
npsamoit AC. W3 paserncrsa tpeyroibaukoB AHD u AHC) Bouitekaer Takxke, auro ZAHD = /AHC,.
V ugerwsipexyronbinka AB;HC) ecTtb Ba MPOTHUBOMOIOXKHBIX MPIMBIX yIjIa. JSHAYUT, OH BIMCAHHBII,
orkyua ZAB,Cy = ZAHC,. B cuny cummerpuu rouek Cy u F

LABE = LAB,Cy = LAHC,.



Kpowme toro, ZADH = 90° = ZAB; H. Tlosromy 4derbipexyroiibuuk AD By H TakKe BIHCAHHDIHN, U
/AB1D = /AHD = ZAHC,.

Taxum obpasom, LAB1D = ZABE, 1o ectb /By DE = 180°. O

4. Iema nanucan 1a docke nodpad n nocaedosamensvros 06ysnawhuir wuces (n = 2), nepeoe us KomopoLs
ne codepotcum yudpy 4, a nocaednee — yudpy 7. Baca nodyman, wmo smo decamuunas 3anuUCH
HAMYPAALHOZ0 YUCAL T, U PA3AOACUA T HG NPocmble MHodtcument. OKa3aa0Cb, WMo ux 6cezo 064 U
OHU pasausaromes wa 4. dmo wanucano na docke?

OrBert: 2021.

Pemntenne. Ilycts a u b — npoctoie penurenu x, b = a + 4. Ilapsr nocrenaux mudp a u b Mmoryt ObITH

(3,7), (7,1), (9,3). Tak Kak  He MOKET OKAHYMBATLC: HA 7, BO3MOXKEH TOJIbKO 11EPBbI ciy4aii. Torua
a+b

9HUCI0 Y = OKaHYUBAETCHA Ha D u, 3Ha4uT, nmeer Bu y = 10m + 5. Orcroza

y* mod 100 = 25 (4m? + 4m + 1) mod 100 = 25,

T0 ecTh Y2 oxkanumpaercs Ha 25. ITosromy = = y? — 4 okanumBaercs Ha 21, u 21 — ToCIeIHEE U3 TUCET,
Hanucanubix Ilereft. 3HaunT, T IPUHUMAET OJIHO U3 CJIE/LYIOIINX 3HAYEHUI:

2021, 192021, 18192021, ..., 1011...2021.

[TepBoe U3 HUX HAM OAXOIUT, NOCKOALKY 2021 = 43-47. 3amerum, 4To x He aenurcsd Ha 3 u Ha 11 (uHaue
r<3-(3+4)=21nux<11-(11+4)= 165 coorBercrBerno). [To mepBoMy yCJIOBHIO MBI OTOPACHIBAEM
qucsa, HadnHaomuecs ¢ 10, 12, 13, 15, 16, 18, 19, a 1o Bropomy — 4mciio, Hagunaiomeecs ¢ 11 (cymmbr
ero uudp Ha YETHbIX M HEYETHBIX LHO3UUMAX pasiuyaiorcd Ha 33). Hauunarbcs ¢ 14 uucio z ne moxer
o ycsosuio. Ecnm x = 1718192021, o

y? =+ 4 = 1718192025.

Ho mpaBas gacts genurca Ha 11 u e nenurcs Ha 121, a mOTOMY TOYHBIM KBaIPATOM OBITH HE MOXKET. [

5. B cmpane Jlumonuu 6 o6paulenuy UCTOAL3YIOMCA Monemv, docmouncmeom 37, 371 .5 372 .52,
3n3.53 ...,3-5""1 5" nuacmpos, 2de n — namypaavroe wucro. XKumeav cmpanse 3auen 6 6anx,
He uMes NPu cebe Haruuhux denez. Kaxyro naubosvwyro cymmy emy He cmoz2ym evdamv 6 banke?

OrBet: 5" t1 —2.3n+1,

Pemenne. HarypasibHoe 4ucio s Ha30BEM N-PA3A0AHCUMDBLM, €CJIA CYMMY S MO2KHO BBIILJIATHTH MO-
HeTaMu JocTomHcTBOM 37, 3! .5, ..., 5" IHACTPOB, U N-HEPAAOHCUMBLM B IPOTHBHOM ciydae. [lpu
n = 1 mocTynHBI TOABKO MOHETHI 0 3 u 5 nuactpos. Ecmm s > 10, To maiinerca takoe r € {0, 1,2}, aro

(s—>57) : 3. Torma s umeer Buj 5r + 3k, To ecThb ABasgercs 1-pazjaokumbiM. QUEBUIHO TaK¥Ke, YTO YUCIIA
9 u 8 OyayT 1-pasjoxkumbivu, a 7 — Her. Takum 00pa3oM, MAKCHUMAJIbHBIM 1-HEPA3JI0KUMBIM GHUCIOM
apngerca 7 =52 — 2 - 32.

JokaskeM, 9TO JJId JI060r0 HaTypaabHOro n amciao 571 — 2. 3"+ Gyner n-mepasnoxumem. Cremaenm
910 110 mHAyKIuu. ba3y mbr yxxe npoBepusu. Ilycrs mis n — 1 yrBepxkaenue cupasemuso. Jlomycrum,
910 ggeno § = 57Tt — 2. 3™+ okazamoch n-pasioKuUMBIM. ECIE B cyMMy S BXOOMUT 1 MOHET IO 5"

macTpoB, To m < 5 u (5"t —m - 5") : 3, orkyga m = 2. IlosToMy HaiijyTcs HeOTpHIATEbHBIE MeJIbie
quciaa ki, ..., kn, I8 KOTOPBIX

s=2-5"+k -5" .34+ .. . +k, 3"

Ho rorusa
n n s—2-9" n—1 n—2 n—1
5" —-2-3 :73 =ki-5 + ko 5 3+...+k,-3 R



YTO HEBO3MOXKHO, LIOCKOJIbKY YHMCJI0 5" — 2 - 3™ ne sapusercd (n — 1)-pa3iioKuMbiM.

JokaskeM Temepb, 9T0 ecau § > 5" — 2. 3" 10 umcmo s aBaserca n-pasmoxuMeim. CHOBa BOC-
noJib3yeMmcs uHayKnueil mo n. Ba3y mbl yxke nposepuiu. Ilpeanosioxkum, 9ro mis n — 1 yrBepxKaenue

cupasemso. Beibepem 7 € {0,1,2} rak, urobbr s — 7 - 5" geaunocs wa 3. Ionoxum N = s — 7?“) 9
Toruna
n+1_ .n+1_ RN _ n __ .n+1 En . _an
N D 233 r-5" (5 r)5323 535 3233:571_2.3”,

U 00 UHAYKIMOHHOMY mpeanosiokeruto N Oyzer (n — 1)-pas3ioKuMbiM. 3HAYMUT, HAWIyTCs HEOTPUIA-
TeJIbHbIE IeJible Iucia ki, ..., Ky, 1S KOTOPBIX

N=k 5" 4k -5"2.3+... 4k, 3", moecrb s=7r-5"+k -5" 1 -3+...+k, 3"

Takum 0Opa3oM, 9UCIO § SABISETCS N-PA3IOKAMBIM. [



Bapunanr 4

1. Ilpu KaKUT HAMYPAALHOLL T KAEMYUGNYIO JOCKY T X T MOACHO PA3PE3AMb HG NPAMOY20sbHuKky 1 X 1
U 2 X 3 MaK, 4mo NPAMOY20LLHUKOS PA3HLLL Pa3mepos bydem noposny?

OTBer: Bce n > 7, KpaTHbIe 7.

Pemntenne. Ilyctb 10cKy MOXKHO paspesarsb Ha m KBaapaToB 1 X 1 u m npsMoyroibaukos 2 X 3. Torma

. . 2
n?=m+6m="Tm,orxkynan? : Tun:7,am= . 3HAUYWUT, HAM HE MOJXOJAT 7, KOTOPBIE HE JIeJIATCS

Ha 7.

IIycts n @ 7. 3ameruM, 9To mpu 1 > 14 J0CKy 1 X N MOXKHO pa3pe3aTh Ha KB3JPaThl pa3Mepa
14 x 14 n 21 x 21. IlosToMy HaM JOCTATOYHO MPOBEPUTD, UTO N = 14 U n = 21 ya0BIETBOPSIOT YCIOBUIO
3agaqan, a n = 7 — HeT. IIpu Takmx n Ha JOCKe N X n moMerraeTcs MakcuMyM 28, 70 u 6 HeHaJIerafomImX
IPAMOYTIOJIBHUKOB pa3mepa 2 X 3, a tpebyercs ux 28, 63 u 7 coorsercrsenno. Torma ciayuait n = 7
we noaxonur. IIpu n = 14 uw n = 21 mMoxkHO BbIpe3aTb cooTBercTBEHHO 28 u 63 HPAMOYIOJILHUKOB
pasmepa 2 X 3, a OCTABLIYIOCd YaCTh JIOCKU Pa3pe3arb HA OJUMHOYHBbIE KJeTKu. Juauut, n = 14 un = 21
Y/JIOBJIETBODSIIOT yCJIOBUIO. L[]

2. ITonooicumenvrvie wucia a, b, c maxoes, wmo a’b + b*c + c2a = 3. Hatidume MUunumasvroe 3navenue
BHLPAHCEHUSM

\/a6+b406 \/b6+c4a6 \/06 +a4b6
= + + :
b c a
Otser: 3v2.
Pemenune. Bocrnosnb3yemcs HepaBeHCTBOM /T + ¥y \/LE (\/— + \/_) upu x,y = 0. C ydyerom nepa-
BercrBa Ko Mbr mosryanm
1 [a®+b2c B +cca® A+ ad?? 1
Az — + + =—
b ¢ a V2

V2
(o) (2)-

PaBencrBo peasmsyercs npu a =b=c=1. U

3
+bc3+—+ca +—+ab3>

Q|nw c~|@

+ ca )) > \/§(a2b+b20+c2a) =3Vv2.

3. Boxpyez ocmpoyzosvrozo mpeyzoavhuke ABC onucana oxpyosicnocms. Touxa K — cepeduna mero-
wet dyeu AC amoti okpyorcnocmu, a mouka L — cepeduna menvwets dyeu AK amot okpyoscrocmu.
Ompesxu BK u AC nepecexaromes 6 mouwke P. Hatidume yeon meocdy npamomu BC u LP, ecau
ussecmnuo, wmo BK = BC.

OrBer: 90°.

)
-

LKM j7C

K

Pemienne. Ilycts LZABL = ¢. Torma ZKBL = ¢ u ZKBC = 2¢. Tockonbky BK = BC, mbl
monydaem /BKC = ZBCK = 90° — ¢. Kpowme Toro,

/LCK + /BKC = /LBK + /BKC = ¢ + (90° — ¢) = 90°,



10 ectb upsimbie BK u C'L nepuenjgukyispabl. C Apyroil cropoHsbl,
/BLC + ZACL = /BKC + ZABL = (90° — ¢) + ¢ = 90°,

nosromy npsimbie BL u AC rakxke nepresaukysisipabl. Craso ObITb, TOYKA P SBJIS€TCS OPTOIEHTPOM
rpeyrosibiuka BC'L, orkyna LP 1 BC. O

4. Ilems wanucan wa docke nodpad 6 ybwearouem nopsdke N NOCAEI0BGMENOHVUT BYSHAUHBIL “UCEN,
nocaednee u3 Komopux ne codepocum yudpy 7. Baca nodyman, wmo amo decamuunas 3anuco Hamy-
PAABHOZ0 YUCAL T, U PA3AOACUAL T Ha npocmbie mHodtcumest. OKa3aa0ch, wMo ux 6cezo 06a U oMU
pasaunaromea ma 4. 4mo nanucano nwa docke?

OtBer: 91.

Pemmenune. Ilycts a u b — mpocteie menurenu x, b = a + 6. Ilapsr mocaeaaux mudp a u b moryt

obiTh (1,7), (3,9), (7,3). Tak Kak = HEe MOXKET OKAHIMBATHCS HA 7, BO3MOMKEH TOJILKO MOCJICAHUIT CIIy daii.
a+b

Torpa wucao y = OKaHuHBaeTcd Ha 5 mwim Ha 0. 3aMeTHM, 4TO YHCIO  HedeTHO n x = y> — 9.

3Ha4uT, YUCJIO Y YE€THO, TO ecTh OHO KpaTHO 10, oTKyma
rmod 100 = (y* — 9)mod 100 = 100 — 9 = 91.
Taxkum obpa3om, r oKaHIUBaeTCS HA 91 w mpuUHUMAET OIHO W3 CAEAYIOMNX 3HAYCHUIA:
91, 9291, 939291, ..., 9998 ...9291.

[IepBoe M3 HUX HAM MOIXOIUT, MTOCKOJABbKY 91 = 13- 7. Ilokakem, 9TO BCe OCTAJbHBIE TMCJIa HE TIOIXOIAT.
Heitcreurenbro, myig Hux y? okagumsaerca Ha 300. Torzpa umeno y mpexcrasumo B sume 10z, roe 22
OKAHYIMBAETCH HA 3, YTO HEBO3MO2KHO. Takum obpazom, x = 91 — enuncrsenubiit orser. [J

5. B cmpane Jlumonuu 6 o6paulenuy UCTOAL3YIOMCA Monemv, docmouncmeom 27, 271 . 3, 202 . 32,
27=3.33 ...,2-3""1, 3" nuacmpos, 2de n — namypaavroe wucro. 2Kumeav cmpanse 3auen 6 6anK,
HE uMes npu cebe naauwror dernez. Kaxyo nHaubosvwyro cymmy emy He cmozym evdamo 6 banke?

OrBer: 3711 — 2712,

Penrenune. HatypanbHOe 9HCIIO $ HA30BEM N -PA3AOHCUMBIM, €CTA CYMMY S MOYKHO BBITIJIATHTH MO-
HeTaMu JocTomHCTBOM 27, 2771 .3, ..., 3" mHACTPOB, U N-HEPA3AOHCUMBLM B IPOTHBHOM ciydae. [Ipu
n = 1 poCTymHBI TOJIBKO MOHETHI IO 2 m 3 muacrpa. Ecau s > 3, to maiimerca takoe r € {0,1}, gro
(s — 3r) uerno. Torna s umeer Buy 3r + 2k, 10 ecrb sBusercd l-paznoxumbiM. OQUeBUIHO TaKKe, 4TO
qucyo 2 Oymer 1-pasnoxumbiv, a 1 — #er. Takum 00pa3oM, MAKCUMAJIBHBIM 1-HEPA3IOKUMBIM IHCIIOM
apnserca 1 = 32 — 23,

HokazkeM, 9T0 Ajis J1060r0 HATYypaiabHOro n ameiao 3" — 272 Gyner n-mepasnozkumbiv. Cremaem
910 10 uHAyKiuu. Basdy mbl yxke nposepusu. Ilycrs g n — 1 yrBepxenue cupaseiuso. Jlomycrum,
910 umcyIo s = 3" — 2712 orazanoch n-pasIoKUMEIM. ECIH B CyMMY § BXOAUT 1 MOHET o 3" IHACTpPOB,
To m < 3 u 3" — m - 3" werno, orkyza m = 1. IlosToMmy HafiAyTCS HEOTPHIATENLHEIE TIEJIbIE THCIIA,
ki,...,ky, 0 KOTOPBIX

s=3"4+k 3" 24 . 4k, 2"

Ho rorusa

gn_gntt = 5730 g anet gm0 g gl

4TO HEBO3MOZKHO, MOCKOJIbKY 4ucio 3" — 2" pe gpiserca (n — 1)-pasioxumbiu.

Jlokazkem Tenepb, uro ecau s > 3" — 27F2 10 upcio s apngerca n-pasnoxumbiv.  CHOBa BOC-
OJIb3yeMcsi MHAYKIuei mo n. ba3y mbr yxke npoBepuau. Ilpeamosmoxum, ato mis n — 1 yrBepxKaeHne
s—r-3"

cupasennBo. Boibepem 1 € {0, 1} Tak, urobbr s — 7 - 3™ nenuiock Ha 2. [lomoxum N = 5

. Torma

n+l _ on+2 _ .. 9Qn _ n _ on+42 .an _ 9 9n+l
N3 22 r-3" (3 74)32 223 222 _gn g,




U 1O UHJAYKUMOHHOMY wupeiosiokenuto N Oyuner (n — 1)-pas3siokumbiM. 3HAYMUT, HAWJYTC:A HEOTPULA-
TeJIbHbIE IeJible Iucia ki, ..., Ky, [1J1S KOTOPBIX

N=k -3 14k -3"2.24 ... +k,-2"!, moectp s=7r-3"4+k -3""1. 24+ ... +k, 2"

Taxum 06pa30M, 9UCIO § ABIAETCA N-PA3IOKAMBIM. [



Bapuanr 5

1. Hamypaarvuse wucaa om 1 do 2021 3anucansr 6 pad 6 nexkomopom nopadke. Oka3arocv, 4mo y 4106020
YUCAA €20 Ae6bll U €20 nPasuil coced umerwm pasnylo wemmnocmo. Kakoe wucao moorcem 6vimv Ha
nepeom mecme?

OtBeT: J11000€ HEYETHOE IUCIIO.

Pemmenne. /lokaxkem BHA4aJE, 9TO B JIIODOU Y€TBEPKE UIYIIUX [IOAP]] YACE €CTh ABA YETHBIX U J1BA
HEYETHbIX 4ucJa. JleficrBuTesbHO, IIyCTh B HEKOTOPOI YeTBEPKE €CTh TPU YUCJIA OJMHAKOBOI Y€THOCTH.
Torma cpemau HUX HAMIYTCs ABa 9UCIA, UAYIUX Yepe3 oaHo. Ho umciio Mex gy HumMu OyaeT mMeTh cocemeit
OIMHAKOBOW YETHOCTH, YTO HEBO3MOZKHO.

Pazobbrem quamazon co Bropoit mo 2021-10 mo3unumio #Ha 6;10ku 1o 4 qucia. [lo 1oka3aHHOMY B KaXKI0M
6JI0Ke YeTHBIX M HEYeTHBIX YKCEesI IOPOBHY, a TOIJA M BO BCeM jJuaiia3oHe Toxke. Ho B mpomexyrke
[1,2021] neuernbix duces Gosiblle, YeM YETHBbIX. SHAYUT, LIEPBbIM Oyuer HederHoe uuciao. [Tokaxkem, 4ro
J1000€ HEYeTHOE JHCJI0 MOXKET Ha, MePBO MO3UIUU OKA3aThCsd. PacmoioXKuM BCe YUC/Ia IO CXeMe

H Y4YHH Y4YHH ... Y4YHH,

rae Y obosznaudaer yernoe uncio, a H — nHedernoe. Takast paccTaHOBKA y/IOBJIETBOPSIET YCJIOBUIO 3a/IAN.
[Ipu 5TOM HEYETHOE YMCJIO HA, MEPBOI MO3UIUU MOYKET OBITH MPOW3BOJIBHBIM. [

2. Ilpu a,b,c > 0 natidume MaKCUMAALbHOE 3HAYEHUE BOIPANCERUA

_ ad+0+c
- (a+b+c)? —26abc’

OTBer: 3.
Pemenue. 3averum, uto (a + b+ ¢)® = a® +b® + ¢ + 6abe + B, rue

B=3 (a2b +ab® + b2c+ b2 + Fa+ ca2) > 18 Vabb6¢c6 = 18abe
(mb1 Bocuosib3oBaucy Hepasencrsom Kouwm). Toraa
a® + b+ < (a+b+c)® — 24abe.

(a+b+c)

Ilonoxum ¢t =
abe

. 1o mepaBenctBy Komm ¢ > 27, orkyna

3 _ —
\(a+b-|-c) 24abe _ 24:1+ 2 <3
(a+b+c)® —26abc t—26 t—26

PaBencrBo peasmsyercs npu a = b =c. [

3. Oxpyoicnocmu wy u we nepecexaromces 6 moukaxr A u B, a okpyscnocms ¢ yenmpom 6 mouke O
0TBAMBIBAEM, OKPYIHCHOCTIU W] U We, Kacasch ur 6 moukar C u D coomsemcmeenno. Oxa3anocw,
ymo mouku A, C u D aesrcam wa odnoti npamoti. Hatidume yzon ABO.

OtBert: 90°.




Pemterane. O6o3na4uum yepe3 Op u Oy HEHTPbI OKPYKHOCTER wy U wy. Tpeyrosbauku COD, CO; A,
AO, D pasuobeapenssie. ITockonbky Touku C; A, D jiexkar Ha OQHON IPAMOIA, MbI LIOJLy YaeM

L0O1AC = LO0.CA=/Z0CD = LODC.
IMostomy O1 A || OO, u, ananoruuauno, Oz A || OO;. 3uauut, OO AOy — napanienorpamMmm, OTKyaa
01A = 020 n ZAOloz = 401020

Tak kak Tpeyronbauku A0y B u AOy B paBuobenpenubie, 0Tpe3ok O Os SBIISETCA CEPeIUHHBIM MePIIeH-
aukynsgpom K AB. Toruaa

O1B=0A=0,0 u /£B0O,0y =Z£A0,05, = £L0O:0-0.
[Tosromy O;020B — pasaoGeapennas tpanenus, orkyna BO || 0104 u, 3nauur, BO L AB. O

4. Hems nanucan na docke nodpsd n 08Y3HAYHBLT 60COMEPUUHBLT wuces (N = 2), obpasyrowus apud-
MEMUYECKYI Npozpecculo ¢ paznocmovio —8. Bacsa nodyman, 4mo 3mo 60CbMeEPUIHAAL 3ANUCH HAMY-
PAABHOZ0 YUCAL T, U PA3AOACUA T HG NBpocmvle muodcument. OKa3a40cb, 4Mo uT 6cezo 06a, U OHU
pasausaromes wa 6. 4Ymo nanucano nwa docke?

OrBer: 7767.
y+2)2,

Pemtenne. Ilycrs y, 2 — npocroie jgenurenu x, z = y + 6. 3amerum, 910 9ucyio x + 9 paBHO ( 3
TO €CTh OHO SIBJISIETCS TOYHBIM KBAJAPATOM. 3aIMIIEM JOIyCTUMbIE Tapbl (Y, 2) B BOCBMEPUYIHOI (hopme:

(—al,Ca7), (a3, ...(a+1)1), (.a5,...(a+1)3), (.a7,...(a+1)5). (%)

B nepBom ciyuae BocbMepuuHAas 3auch T OKaHIUBaerTcs Ha 07, 9TO HEBO3MOXKHO, IOCKOJIBbKY YUCJA B
uporpeccuu jsy3naudnbie. g rperbeil napsl mocsiegHeil BocbMepudHoi nudpoit © 6ymer 7, a npejio-
caenueii — (8a + 5 + 1)mod 8 = 6. Torzma ¢ yuerom ycsioBus 1 > 2 Mbl mojydaeM & = 7767g. DTO HAM
IIOJIXO/IAT, TAK KaK

z+9="T7673+9=4096=64> u 1z =61-67.

Paccmorpum Tenepb BTOpyio u derBepryio mapsl B (x). Iocuenueit BoceMmepuuroil mudpoit « byxer 3,
a upesuocienneil — (4a + 3) mod 8, rax xax (7(a + 1) + 5a + 4) mod 8 = (4a + 3) mod 8. Heuernbie
@ He IOJXOJAT 10 YC/IOBUIO 1 > 2, TaK Kak 4ucio 73g + 8 yuke rpexsuaunoe. Ilosromy Bocbmepuunas
3aMUCh T OKaHIMBAETCA Ha 33. 3HAYUT, T MOXKET ObITh OJHUM U3 UYHCeN

43333, 5343335, 635343333, 7363534333s.

Bropoe u Tperbe He HOAXOAAT, [IOCKOJbKY OHU jejarcd Ha 3 (Cymmbl uudp HA YETHBIX U HEYETHBIX
no3uLMsX paziudaiorcs na 3 u 6 coorsercrsenno). Kpowme roro,

(43335 +9)mod 3= (6 —7+9)mod 3=2 u (73635343335 + 9) mod 3 = (15 — 25+ 9) mod 3 = 2.

[Tosromy wuuncina 43335 + 9 u 73635343335 + 9 He ABIAIOTCH TOYHBIMU KBAJAPATaMHU, YTO HEBO3MOKHO.
Takum obpazom, © = 77673 — enuncreenubiit orser. [J

5. B cmpane JIumonuu 6 00pauLeHuy UCnoab3yomes mouemos docmouncmeom 3n — 1, 6n+ 1, 6n+4 u
6n + 7 nuacmpos, ede n — HATMYPAALHOE YUCAO. 2Kumeab cmparv, 3awes 6 baHK, He umes nNpu cebe
HaAUYHOLL denez. Kakyto nauboavuyto cymmy emy we cmozym eodams 6 barke?

Orser: 6n% 4+ 4n — 5.

Pentenne. HazoBeMm HATypasibHOE UHCIIO S PA3AOACUMbBIM, €CITH CYMMY S OAHK MOXKET BBIIIATUTD
MOHETaMU JJOCTOMHCTBOM TOJBKO 6m + 1, 6n + 4 u 6n + 7 numacrpos. s awoboro r = 1,...,3n — 2



0003HAYUM Yepe3 M, HAUMEHDIIee PA3JIOKHUMOE HUCJIO, [AOollee npu JejieHuu HA 3n — 1 ocrarox 7.
JokaxkeM 1Ba yTBEPK/IEHUS.

1) Ecaur € {1,...,3n—2}, smod (3n—1) = r, mo npu s = m, cymmy s OGHE SHNAGMUMD CMONHCEM,
a npu s < m, — He cmoorcem. llepBoe yrBepKeHre OYE€BUIHO: HA/IO BHAYAJIE BBILJIATUTD CYMMY My, &
3aTeM J100aBUTH HEKOTOPOE KOJIMYIeCTBO MOHET 1o 3n — 1 muactpos. Ilpeanosoxkum tenepsb, 910 s < m,
¥ CyMMY S BBIIJIATUTH MOXKHO. 1Ipw 3TOM mpuaeTca ncnoab30BaTh HECKOJIBKO MOHET TI0 3n — 1 mHacTpoB.
Y06paB BCe 3TH MOHETHI, MbI MOJIYIYAM PA3IOKHUMYIO CYMMY, MEHBIIIYIO 1M, W TOXKE IAIOILYI0 OCTATOK T
1pu gejaernd Ha 3n — 1. DT0 HPOTUBOPEYUT MUHUMAIBLHOCTH M-

2) Yucaa 3kmod (3n— 1) npobezarom snawenus {1,...,3n—2} npuk =1,...,3n—2. [eiicrBuTebHO,

HaM JIOCTATOYHO TOKA3aTh, YTO BCe OHU padmudnbl. Ecom (3k — 3k') ¢ (3n— 1), o (k — k') 1 (3n —1).
Tak xak |k — k'| < 3n — 2, mbt nonyuaem k = k.

OueBuHO, 9YTO CyMMBbI, KpaTHbie 3n — 1, BbiLIaTuTh MOXKHO. Torma B cuity 1) orBerom 3aiauu Gyzer
max{my,...,Mgn—2}—(3n—1). Hailnem nauGonbwee u3 aucea m,.. lIycrs r € {1,...,3n—2}. 3amerum,
910

6n+1=203n—1)+3, 6n+4=20Bn—1)+6 u 6n+7=203n—1)+9.

B cuny 2) cymecrsyer emuncrsensoe uuciao k € {1,...,3n — 2}, qa koroporo 3kmod (3n — 1) = 7.

[TockombKy OCTaTKH MOHET MO MOAY/II0 3n — 1 mpuHUMAIOT 3HadeHus 3, 6 m 9, HaM HaJIO MPE/ICTABUTH

3k B BUIEe CyMMBI MUHAMAJIBHOTO KOJIMYECTBA 3TuX yucesn. OHa peaju3yercd Tak: CKJIAIbIBAEM IE€BATKH,

[IOKA, HE [OJIyYUuTCs caMoe O0JIbIIoe 91ciI0, He npeBocxodiiee 3k, a 3aTeM npu HeoOXoauMocTu 100aBIIseM
k42

3 uinu 6. B sroit cymme byumer [T} cimaraembix. Torma

m, =3k + [E2].23n—-1) <3(Bn—2)+2n(3n—1) =6n* + Tn — 6,
IpUYeM PABEHCTBO peaju3yercs mpu k = 3n — 2. 3HaduT, OTBETOM B 3a/1a4e Oymer

(6n* + T —6)— (3n—1)=6n*+4n—5. O



Bapuanr 6

1. Hamypaarvuve wucaa om 1 do 2023 3anucanvt 6 pad 6 nexomopom nopsadre. Oka3anrocv, 4mo a100vie
MPU YUCAG, PACTOAOACERHBIE wepe3 00HO, darom paswble ocmamku om desenus na 3. Kakoe wucao
Mootcem bumb Ha nepeom mecme?

OrBet: 11000€ 9MCIIO, JAIOINEe OCTATOK 1 OT Je/IeHns Ha 3.

Pemntenne. Pazobbem muamnazon or 1 10 2023 Ha IPYyHObL 9UCes, JAIOMUX [IPHU JEJICHAN HA 3 OCTATKH
0, 1 u 2. IlepBas u Tperbd rpynna cogepkut 110 674 4uces, a sropas — 675 quces. B sroboii mecrepke
MIYTIUX TOAPSIT YUCEJI €CTh POBHO MO JBA, YMCJIA M3 KAXKJION IPYIIIbI, TOCKOJIBKY HA, MO3UIHUAX 1,3,5, a
TaK>Ke Ha, no3urusx 2,4, 6 HaxXoaATCsS 9nc/ia U3 pa3HbiX rpymn. Pa3zodbem auamna3on co BTopoit mo 2023-10
mo3unuio Ha, O10km 1o 6 uwmcen. Kaxkprit 010K COMEP:KUAT ONMHAKOBOE KOJMYECTBO UUCEN U3 KaXKIOH
IPYIIIbL, & TOIJIA ¥ BECH Jpana30H Toxke. QcraBuieecs 9uciio Jaer Mpu JIeJeHUd Ha 3 OCTATOK 1, U TOJIBKO
OHO MOXKET ObITh [IEPBbLIM.

[Tokazkem, 4T0o J1I060E YUCTO W3 BTOPOil IPYIIBI MOXKET OKA3aTbCA HA IepBoi mo3unuu. Jlomycru-
MOCTb KOH(MUIYDAIUU YUCEJ 3ABUCUAT HE OT CAMHUX HYUCEJI, & TOJIBKO OT X OCTATKOB IIPU JI€JI€HUU HA 3.
Pacmonokum 3TH OCTaTKH MO CXeMe

1220011220011 ... 220011.

Ona yI0oB/I€TBOPSET YCIOBUIO 3aJa9d. 3HAYUT, MEPBBIM MOXKET OKA3aThCHA JIF0O0E UUCIIO0, JAIOIIEe Mpu
nenenuu Ha 3 ocrarok 1. [

2. Ilpu a,b,c > 0 natidume MaKCUMAALHOE 3HAYEHUE BBIPANCEHUA

B at + bt + ¢t
" (a+b+c)t—80 (abe)t/3’

OTBer: 3.

Pemenue. 3averum, uto (a +b+c)* = a' + b + ¢ + B, re

B=4 (a3b +ab® +b3c+ b + Ba + ca3) + 6 (a2b2 + 022 + c2a2) + 12 (abc2 + bea® + cab2) >

> 24/ (abc)® + 183/ (abe)t + 363/ (abc)t = 78 (abc)t/?

(MBI Boconb30Basuch HepaBeHcTBoM Kommm). Torma
a* +0* + ¢ < (a+ b+ )t — 78 (abe)*/?.

(a+b+c)?

Ilonoxum ¢t = (abc)4/3

. 1o mepaBenctBy Komm ¢ > 81, orkyna

<(a—|—b+c)4—78(abc)4/3 t—78 2

< = =1+ — <3.
(a+b+c)t —80(abc)*/3  t—80 TR0

PaBencrBo peasmsyercs npu a = b =c. [

3. Oxpyorcnocmv wy ¢ yewmpom O nepecexaemcs, 6 mouwkar K u L ¢ oxpystcnocmovro wo, nporodsuiet
vyepe3 mouxy O. Uepes mouky O nposedena npamas, 8MOPUNHO NEPECEKAIOULAHL OKDYHCHOCTIL Wo 6
moure A. Ompesox OA nepecexaem okpyscrocmos wi 6 mouke B. Hatidume omnowenue paccmosnutl
om mouku B do npamwxr AL u KL.

OrBer: 1:1.



W, V)

Pemterane. 3amerum, uro LZOAK = ZOAL kak yribl, onupamomuecs: Ha pasabie xopiapt OK u OL.
Suauur, AB — buccekrpuca yria LAK. Kpowme toro, ZAKL = ZAOL kak yriibl, OIUPAIONIUEC HA
nyry AL. Torma

/BKL = %LBOL = %AAKL.

[Tosromy K B — 6uccekrpuca yriaa AKL. Takum obpa3om, To4ka B — LEHTD BIMCAHHON OKPY2KHOCTHU
rpeyrosbauKa AK L. 3uaquunt, oHa paBHOymajeHa or npsaMbix AL uw K L. O

4. Hems nanucan na docxe nodpsd n 06Y3HAWHLLT BOCOMEPUNHBLET wuces (N = 2), obpasyowus apupme-
MUNECKYI0 NPOZPECCUI0 € PAZHOCBIO 8, NPUEM Nepsoe wucao ne codepacum yudpy 2. Bacsa nodymaa,
YIMO MO BOCOMEPUUHAA 3ANUCL HATNYPAALHOZO YUCAG T, U PA3A0ACUA T HA NPOCIBLE MHONCUMEAU.
O%a3a40Cb, ¥Mo UT 6ce20 06a, U OHY pa3auvaromcea wa 2. 4mo wanucano na docke?

OrBer: 3343.

2
Pemenmne. Ilycrs y, 2 — mpocTble genurenu , z = y + 2. 3amMeTrnm, 9To 9mMCI0 = + 1 paBHO (yjz) ,
TO €CTh OHO SIBJISIETCS] TOYHBIM KBAJIPATOM. 3aIlUIeM BO3MOXKHBIE Aphl (Y, 2) B BOCBMEPUIHOiH dhopme:

(...al,...a3), (...a3,...a5), (...a5,...a7), (...a?,...(a—l—l)l). (%)

s mepBoit u Tperbeil map mocseaneit BocbMepudHoi nudpoit x Oyaer 3, a npeamocaenueit — 4amod 8
wi (12a + 4) mod 8. Dra uudpa Henysiesas, Tak Kak 4uCIa B LpOrpeccuu JBy3Haddbie. Ilosromy B
oboux ciydasx ona paBHa 4, a BOCbMepHYHAs 3alUCh T OKaHduBaercd Ha 43. C yuerom ycioBus T
MOKeT npuHuMaTh 3HadeHus 3343s wim 13233343g. [lepsoe umcsio HaM OAXOAUT, IOCKOJIBKY

T+1=233435+1=1764 =42 u x =41-43.
[Iycts & = 132333435. Torma
(x+1)mod3=(12—10+1)mod3=0 u (z+1)mod 9= (12—10+1)mod 9 =3.

Suauur, yucio x + 1 genurcs va 3 U He feaUTCH HA 9, a MOTOMY OHO HE SIBJISIETCS TOYHBIM KBAJIPATOM.

Paccmorpum Tenepb BTOpYIO 1 4erBepryio napbl B (x). Ilocieaueit BocbMmepuanoii mudpoit x 6yaer 7,
a upeaunocseaneit — 1 uiun 7. Ilepsoro ciydas He Moxker ObITb IPU N > 2, HOCKOJIbKY 4uCJI0 175 — 8 ne
SIBJISIETCS JIBY3HAYHBIM. 3HAYUT, C YIETOM YCJIOBHS BO3MOXKHbBI CJIEIYIONIUE 3HAYCHUS T:

6777g, d7677Tg, 4757677Tg, 3747576777, 17273747576777s.

BameruM, urto  + 1 = ...70005 = ...7g - 2°. Torma uucio x + 1 gemmrca ua 2° u He nesurea ma 210, a
ITOTOMY OHO HE SBJISIETCH TOYHBIM KBagparoMm. Takum obpasom, r = 33433 — enuHCTBEHHBIH OoTBeT. [

5. B cmpane JIumonuu 6 00pauLeHus UCTOAb3YIOMCS MOHETbL docTnouncmeom 3n — 2, 6n — 1, 6n+ 2 u
6n + 5 nuacmpos, ede n — HATMYPAALHOE YUCAO. 2Kumeab cmparv, 3awes 6 baHK, He umes nNpu cebe
HAAUYHOLT derez. Karxyro HauboAbwWyo cymmy emy He cmozym evdams 6 barke?



OrBet: 602 —4n — 3.

Permmenne. HazoBem HaTypa/ibHOE YHUCIIO S PAAOHCUMBIM, €CIA CyMMy S OAHK MOXKET BBIILIATUTH
MOHETaMU JJOCTOMHCTBOM TOJBKO 6m — 1, 6n + 2 u 6n + 5 nmacrpos. iz awoboro r = 1,...,3n — 3
0003HAYUM Yepe3 M, HAUMEHDIIEe PA3JIOKHUMOE HUCJIO, [AIOIIee [PHU JeJIeHHH HA 3N — 2 OCTATOK 7.
JlokaxkeM JIBa yTBEPIKIEHUSI.

1) Ecaur € {1,...,3n—3}, smod (3n—2) = r, mo npu s = m, cymmy s OGHE SHNAGMUMD CMONHCEM,
a npu s < m, — He cmoorcem. IlepBoe yrBepxKeHne O4E€BUIHO: HA/IO BHAYAJIE BBIIJIATUTD CYMMY My, &
3aTeM J100aBUTH HEKOTOPOE KOJIMIECTBO MOHET 10 3n — 2 nmuacTpos. llpeanosoxkum tenepsb, 910 s < M,
"W CyMMY S BBIIJIATUTH MOXKHO. 1Ipw 3TOM mpuaeTcd ncrnoab30BaTh HECKOJIBKO MOHET TIO 31 — 2 MHACTPOB.
Y6pas BCe 3TU MOHETbI, Mbl HOJLyYAM PA3JIOKHUMYIO CyMMY, MEHBIILYIO 1M, U TOXE JAOIYI0 OCTATOK T
[pU JeJeHrd Ha 3N — 2. DTO HPOTUBOPEYUT MUHUMAIBLHOCTH M.

2) Yucaa 3k mod (3n—2) npobezarom snawenus {1,...,3n—3} npuk =1,...,3n—3. [eiicrBuTeabHO,

HaM JIOCTATOYHO 110KA3aTh, 4TO BCe OHU pasiuunbl. Eciu (3k — 3k') : (3n —2), o (k — k') : (3n —2).
Tak xak |k — k'| < 3n — 3, mbL nonyuaem k = k.

OueBuHO, YTO CyMMBbI, KpaTHbIE 3N — 2, BBILIATUTL MOXKHO. Torma B cuiy 1) orBerom 3aauu Gyzer
max{my,...,Mgn—3}—(3n—2). Haitnem nauGonbwee u3 aucea m,.. lycrs r € {1,...,3n—3}. 3amerum,
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6n—1=23n—2)+3, 6n+2=203n-2)+6 u 6n+5=2(3n—2)+9.

B cuay 2) cymecrByer equHcTBeHHOE wmcio k € {1,...,3n — 3}, ams koroporo 3kmod (3n — 2) = 7.

[TockombKy OCTAaTKH MOHET MO MOIYJI0 31 — 2 TPUHUMAIOT 3HadeHus 3, 6 m 9, HaM HaJ0 MPE/ICTABUTH

3k B BuJie CyMMbl MUHUMAJIBHOIO KOJIMYeCTBA 3TuX ducesa. OHa peau3yercs Tak: CKJIAAbIBAEM JAEBATKH,

[IOKA, HE [OJIyYUuTCs caMoe O0JIbIIoe 9r1ciI0, He npeBocxodiee 3k, a 3areM npu HeoOXoauMocTu 100aBIIsseM
k+2

3 uinu 6. B sroit cymme byumer [T} cimaraembix. Torma

m, =3k + [EF2] - 2(3n—2) <3(3n—3) +2(n—1)(3n — 2) = 6n> —n — 5,
pUYeM PABEHCTBO peaju3yercs mpu k = 3n — 3. 3HauuT, OTBETOM B 3a/1a4e Oymer

(6n* —n—5)—(3n—2) =6n* —4n—3. O



Bapuanr 7

1. Moowcro au 6 mabauue 35 X 35 paccmasums padAuNHbLE UEABLE YUCAA MAK, YMODbL 3HAYEHUA 8 KA~
KQT, UMENUUT 00Uy CMOPOHY, OMAUYAAUCL He bosee vem Ha 187

OTBer: Her.

Pemntenne. Ilycrs m — nHammenbiree gucio B Tabsuie. [lepemernasch KaxKaplil pa3 Ha OIHY KJIETKY
B TOPU30HTAIBHOM WJIM BEPTUKAJIHHOM HAITPABJIEHUN, MbI CMOXKEM TIOMACTD B JIIOOYIO KJIETKY TaOJIUIIBI 3a
He Oosiee yem 34 - 2 = 68 mraros. Ilo ycioBuio Ha KaxK/I0M IIare 3Ha4eHUE B KJIETKE MOXKET YBeJIUIUTHCS
He Gosiee yem Ha 18. ITosromy Bee yucia rabuuupl jexar B npomexyrke [m, m+ 68 - 18]. dror puanazon
cogepxkur 68 - 18 + 1 = 1225 uymces, TO €CTb POBHO CIOJIBKO, CKOJIbKO KJIETOK B Tad/uue. SHAYMT,
Tab/IKUIA 3aI0JHEHA B HEKOTOPOM IOPsiJIKe duciaamu or m g0 m + 68 - 18. 3amerum, 410 MUHUMAJIBHOE
¥ MaKCHMaJIbHOE YWCJIa PACIO/AraloTCS B MPOTHUBOIOIOKHBIX yriax Tabmaurbl. [lpw mepemernennn O
MUHHAMAJIBHOTO YHCJIa K MAKCUMAJIBHOMY IO MapIIPYTY, COCTOAmEeMy 13 68 maros, HaM HYKHO KaXKIbIi
pa3 yBeqnumBaTh 3HadeHne poBHO Ha 18. Ho takmx maprmpyroB mHOro. Hampumep, Mbl MOXKeM mpORTH
or m K m + 68 - 18 depes j100y10 U3 ABYX KJIETOK, I'DAHUYAIIAX C M. SHAYUT, B ITUX KJIETKAX CTOAT
OJMHAaKOBbIE Ynuciaa. [J

2. Ilpu a,b,c > 0 natidume MaKCUMAALHOE 3HAYEHUE BBIPANCEHUA

e a?(b+c) +b*(c+a)+c2(a+b)
B a® + b3 4 ¢3 — 2abc '

OTtBer: 6.

Pemntenne. Ilo nepasencrsy Ko
a*(b+c)+b*(c+a)+(a+b) =1 ((a+b+c) — (a® +b* + ¢ +6abc)) < £ ((a+b+c)® —9abe).
3amernm, 9T0
a® + b+ —2abe >t (a+b+c)® —2abe = § ((a+ b+ )’ — 18abc).

(a+b+c)?

ITosiozxum t =
abe

. Ilo nepasencrsy Komwu t > 27, orkyzsa

3((a+b+c)®* —9ab t—
((a c) ac):3( 9):3 1+L <6.
(a+b+c)® —18abc t—18 t—18

PaBencrBo peasmsyercs npu a = b=c. [

3. Oxpyorcnocmu w1 u we ¢ yewmpamu O1 u Oz coomeemcemeenno nepecexaromces 6 mowke A. Ompe-
3ok Oz A emopuuno nepecexaem oxkpyschocmsd wi 6 mouke K, a ompesox O1 A emopuuno nepecexaem
oxpyoicHocms wo 6 mouke L. Ilpamas, npoxodsuwas wepes mouxy A napasseavno KL, emopuuno
nepecexaem okpyscHocmu w1 u we 6 moukax C u D coomeememeenno. Ompesku CK u DL nepece-
katomcea 6 mowke N. Hatidume yzon meorcdy npamomuy O1A v Oy N .

OrBert: 90°.
D




Pemmenue. Tpeyronbuuku O1 AK u O AL paBHoOenpeHHbIe U UMEOT OOLUi yroJl Ipu OCHOBAHUMU.
3na4uT, uX yribl npu Bepumbe papabl. O6o3HaduM 00Iee 3HaAYEHME ITUX yIJIoB Yepe3 2«. IlockonbKy
BITMCAHHBIIN YTOJI B IBA pa3a MEHBIIE COOTBETCTBYIOIIETO eMY IIEHTPAJIBHOTO YIUIa, CIIPABE/IIMBO PABEHCTBO
LADL = ZACK = «. Tak kak KL || CD, mbt nonydaem takxe ZKLN = ZLKN = «. Torma

ZLNK =180° - 2ZKLN = 180° — 2a = 180° — LAO>L = 180° — LK O- L.
[Tosromy uersipexyronbauk LN KOs BIUCAHHBIH, OTKY/1A
LKOyN = ZKLN =« = %ZAOQL.

Buaunt, npamas O N — OHCCEKTpUCca yTja IpY BEpIIvHE B paBHOOEApeHHOM TpeyrosbHuke AOsL, a
moroMy u BbicoTa. Taxum obpazom, npsambie O2 N u O A neprnenaukyaspubl. [

4. B gatine 3anucano nodpsd 2021 06YsHaUHOIL NAMEPUYHOIL YUCEA, NPUYEM HUCAL HE HEYETIVHOIL TO0-
BUYUAT PABHLL U Ha 1 boavwe wucea Ha vemuur nosuyusr. Komnvromep cuuman dannoe u3 datisg
Kak 00HO NAMEPUYHOE YUCAO U PA3AOHCUA €20 HG NPOcTvle mHodcument. OKa3aa0Cb, 4MoO MaKUL
MHOHCUMeENel PosHO 0684 U OHU pasiuuatomces wa 2. Moezao au maroe 6bimov?

OTBer: Her.

Pemntenne. JoroBopuMcs mucarh MATEPUIHBIE IUCAA B CKOOKAX, 9TOOBI OT/INIATh X OT J€CATUIHBIX.
Ilycrh o — cYnTaHHOE YUCIIO, U U U — €r0 MPOCThIE ASJUTEIN, v = u+2. 3aMerum, 9To 9ucjo x+ 1 9eTHo
¥ paBHO (“;‘”)2, TO €CTh SIBJISIETCS TOYHBIM KBajapaToM. B wacrHocTH, x + 1 kparuo 4. Byznem nucarsb .,
u, U B MATEPUIHON cucreme. Yucaa v U v OKaHIUBAIOTCS He Ha 0, HaYe OHO W3 HUX PaBHO 5 U x < 35.
[TosTomy monycrumbie napbl nocseauux mudp v u v — (1,3), (2,4), (4,1). 3uauur, £ OKaHIUBAETCS Ha,

3 uiun 4. Paccmorpum aBa cirydasi.

1) = oxanwueaemea na 4. Torna x + 1 okanuusaercs na 0, orkyna (z + 1) : 25. 3uauur, nocieHUMU
uubpamu x + 1 6ynyr (00), a z okanuusaerca na (44). Ilosromy

x = (444344 ... 43444344) u x+ 1= (444344 ... 4344 4400).

2021-3
2

B zanuce x+ 1 Bxogur = 1009 rpoek. Torpa (x+1)mod 4 = 1009-3 mod 4 # 0, 4T0 HEBO3MOAKHO.

2) z okanuusaemces na 3. Ilycrb a — upennociaennss uudpa x. Torua B usrepudnyio 3anuch & uudpa
a Bxoaut 2021 pa3, aBoitka u Tpoitka — 1010 u 1011 pa3 coorBercrBenno. [lostomy

0= (z+1)mod 4 =(2021a+ 1010- 5+ 3 + 1) mod 4 = (a + 2) mod 4,
orkysa a =2 u x = (232223 ... 2223). [lo upusnaxy Jesumocru Ha 6 B UATEPUIHON cUcTEME

zmod 6 = (1010~ (3 —2+2 —2) +3 — 2)mod 6 = 1011 mod 6 = 3.

Takum 06pasoM, T : 3, YTO HEBO3MOXKHO. []

5. B cmpane Jlumonuu 6 o6paulenuy UCTOAL3YIOMCA Monemv, docmouncmeom 5™, 571 .7, 572 . 72,
57 3. 73 ..., 5771 T nuacmpos, 2de n — namypaavroe wucao. XKumeav cmpanst 3auen 6 6ax,
He uMes NPu cebe Haruuhux denez. Kaxyro naubosvwyro cymmy emy He cmoz2ym evdamv 6 banke?

Orger: 2 - 7" — 3. 5711,

Permmrenue. HarypabHOe 9UCI0 S HA30BEM 71 -PA3AOHCUMDBIM, ECITH CYMMY S MOXKHO BBIIJIATUTH MOHE-
TaMHI JOCTOMHCTBOM 57, 57 ~1.7, ... | 7" OHACTPOB, U N-HePa3A0AHCUMLM B TPOTHBHOM ciaydae. Ilpan = 1
JIOCTYIHBI TOJIBKO MOHETHI 110 5 u 7 muactpoB. Ecau s > 28, o naiigerca takoe r € {0,1,2,3,4}, uro

(s—7r) : 5. Toraa s umeer sug, 7r + 5k, TO ecTb aBjsgerca 1-pasiomumbiM. QUEBUIHO TAKIKE, YTO UC/IA



27,26,25,24 6ynyr 1-paznoxkumbivu, a 23 — Her. Takum 006pa3oM, MAKCUMAJIbHBIM 1-HEPA3I0KHUMbIM
gmeoM apiagerca 23 = 2 - 72 — 3 - 52,

JokazkeM, 9T0 11 JT060r0 HATypaitbHoro n auciao 2- 7" — 3.5 Gyner n-nepasnoxumemv. Cremaem
910 10 uHAyKuu. Basdy mbl yxke nposepusu. Ilycrs g n — 1 yrBepxenue cupaseiuso. Jlomycrum,
910 umeo s = 2 - 7" — 3. 57! okazamoch n-pasnoKEMBIM. ECIH B CyMMY S BXOJHUT 1 MOHeET 1o 7"

nuacTpos, o m < 14 u (2 - 7t _m . ™) : 5, oTkyga m = 4 umn m = 9. HafinyTca HeoTpunaTeabHLIE
reJible 9ucia ki, . .., Ky, Jj8 KOTOPBIX

s=m-T"4+k -7 - 54+...+k, 5"

Torma
_ _ _ s—m-7"
R o e R . L A R —
[IpaBasg gacth paBHa 2 - 7" — 3 - 5" uam 7" — 3 - 5. Ho ob6a srux uucia (n — 1)-HepasjoKuMbL: 1€p-
BOE€ — MO MH/IYKIMOHHOMY IIPEJIOJIOKEHUI0, BTOPOE — MOCKOJbKY K3 HEro MOYKHO IIOJIyYUTh MEPBOE

nJobasaerneM 7 - 77!, TakuM 06pa3oM, MBI MOJIYH/IN IPOTHBOPETHE.

JokaskeM Temeps, 910 ecam § > 2 - 77T — 3. 57+ 10 wneno s apagerca n-pasmoxmmbiM. CHOBa

BOCIOJIb3YEMCsT HHIYKIHel o 1. Ba3y MbI yke nposepun. IIpeamnonoxum, 9ro fjis n — 1 yTBepKIeHne
s—r-T

cupasemuBo. Beibepem r € {0,1,2,3,4} rak, urobbr s — 7 - 7" nenusock Ha 5. [lomoxkum N = 5

Torma

2.7 — 3.5 —p. 7t (14-r) 7" =35 10-7" —15-5"
> >

N = =
) ) )

=2.7"-3.5",

U 00 UHAYKIMOHHOMY mpeanosiokeruto N Oyzer (n — 1)-pa3ioKuMbiM. 3HAYMUT, HAWyTCs HEOTPUIA-
Te/IbHBIE TeJIble 9nucia ki, ..., ky, Ia9 KOTOPBIX

N=k - 4k -7"2.54+...+k,-5"%, woecrb s=r-T"4+k -7 1-5+... 4k, 5"

Taxum 06pa30M, 9UCIO § ABIAETCA N-PA3IOKAMBIM. [



Bapuanr 8

1. Moowcro au 6 mabauye 25 X 41 paccmasums Pa3suwHbIE UEABIE YUCAA MAK, YITO0bL YUCAG, CTNOAULUE 6
KAECMKAT, UMEOUWUL 00WYI0 CMOPOHY, 0MAUYAAUCL He boaee wem Ha 167

OTBer: Her.

Pemmenune. Ilycts m — mammenbinee uncsao B tabiune. [lepememniasch KaxKaplii pa3 HA OJHY KJIETKY
B FOPU30HTAJILHOM WJTH BEPTUKAJIbHOM HAIIPAB/IEHUH, MBI CMOXKEM IIOMACTH B JIIOOYIO KJIETKY TabJIAIIBI 38
ue 6osiee yem 24 + 40 = 64 waros. ITo yciaoBuio Ha KaxK/I0M 11are 3Ha4€HNE B KJIETKE MOXKET yBEJIUIUTHCH
He Gosiee yem Ha 16. ITosromy Bee yucia rabuuupl jexar B npomexyrke [m, m+ 64 -16]. dror nuanazon
comep:kut 64 - 16 + 1 = 1025 uwmcesn, TO eCTb POBHO CTOJIBKO, CKOJIBLKO KJIETOK B Tabiwnme. 3HAUHT,
TaOJIUIA 3AIOIHEHA B HEKOTOPOM IOPAJKE GHCJIaMHU OT m 10 m + 64 - 16. 3amernm, 9TO0 MHHHMAJILHOE
¥ MaKCHMaJIbHOE YWCJIa PACIOJAraloTCs B MPOTHUBOIOIOKHBIX yriax Tabmaurbl. [lpw mepemernennn O
MHUHEMAJIBHOIO 9HC/Ia K MAKCHMAJILHOMY IO MapIIPyTy, cocTodAmeMy nu3 64 maros, HAM HY2KHO KaXKIbIi
pa3 yBesnauBarh 3Hadenne poBHo Ha 16. Ho takux mapripyros muoro. Hampumep, Mbl MOXKeM mpoiTu
or m K m + 64 - 16 gepe3 m00yi0 u3 ABYX KJETOK, FPAHUIAINAX C M. SHAYUT, B ITUX KJETKAX CTOAT
OJMHAKOBLIE "ncja. [

2. Ilpu a,b,c > 0 natidume MaKCUMAALHOE 3HAYEHUE BBIPANCEHUA

Ao al(b+c) +b*(c+a)+c3(a+b)
T (a+b+ )t =79 (abc)t/3

OTBer: 3.

Pemntenne. Ilo nepasencrsy Ko
a®(b+c)+b*(ct+a)+c*(a+b) = (a+b+c) (a® +b°+c) — (a* +b* +¢*) < (a+b+c)(a® +0°+%) -3 (abe)*/3.
Bamerum, uto (a + b+ ¢)® = a® + b3 + ¢ + 6abc + B, rae
B=3 (a2b + ab® + b2c+ b2 + Fa+ ca2) > 18 Vabbc6 = 18abe
(Mbl Bocnosib3osasuch Hepasencrsom Komm). Torpa a® + b3 + ¢ < (a + b+ ¢)® — 24abc n

(a+b+c)(a® +b°+¢°) —3(abe)*? < (a+b+c)* —24abe (a+b+c) — 3 (abe)*® < (a+b+c)* =75 (abe)*/3.

b 4
[Tonozxkum t = %. ITo nepasencrsy Kowwu ¢ > 81, orkyna
abc
- (a+b+c)* —75(abc)*? t—75 PR SR
a+b+c)t — 79 (abe T t—79 t—79 7
= (a+b+c)t — 79 (abc)t/3 79 79

PagsencrBo peamusyercs mpu a = b=c. [

3. Oxpyorcnocmu wy u we ¢ yenmpamu O u Oy coomseemcemeenno nepecexaromes 6 movwke B. IIpodoa-
orcenue ompeska O2B 3a mouky B nepecexaem oxpyotchocmsd wi 6 mowke K, a npodossicenue ompesra
O1B 3a mouxy B nepecexaem oxpyostchocmo we 6 mowke L. Ilpamas, nporodawaes wepe3 mowky B
napassesoro KL, emopuuno nepecexaem oxpyschocmu wi u we 6 moukax A u C' coomeemcmeenHo.
Jywu AK u CL nepecexaromcesa 6 mouke N. Hatidume yzon meocdy npamvmu Oy N u O2B.

OtBert: 90°.



Pemmenne. Tak kak /O1BK = Z05BL, pasaobenpentbie Tpeyroiabauku Oy BK u Oy BL 110100HbI.
3HaunT, X YIJbl IpU BepmuHe pasabl. O6o3HaunM obIiee 3HaYeHue 3TUX yrjioB depe3 2. ITockombky
BIIMCAHHBIN yTOJI B IBa pa3a MEHBIIE COOTBETCTBYIOIIErO My IeHTPAIBLHOTO YIJIa, CITPABEIJINBO PABEHCTBO
/ZBCL = Z/BAK = «. Tak kak KL || AC, mbt nonydaem takxe ZKLN = ZLKN = «. Torga

/LNK =180°—2ZLKN = 180° — 2ae = 180° — /BO,; K = 180° — ZLO, K.
[Tosromy uersipexyronbauk LN K (O; BIUCAHHBIH, OTKY/1a
LLON = ZLKN =a = %ABOlK.

Suauur, npsimas O N — Ouccekrpuca yria npu Bepimae B paBaobegapenHoMm rpeyroibauke BO1 K, a
noromy u Bbicora. Takum obpaszom, upsmbie Oy N u Oy B nepueHuKyiasapabl. [

4. B gatine 3anucano nodpsd 2023 06Y3HaUHOIL NAMEPUYHOIL YUCEA, NPUYEM HUCAL HE HEYETIIHOIL TO0-
BUYUAT PASHLL U Ha 1 boAbWeE “UCEA HAG YeMHUT No3uyusr. Komnvromep cuuman danrnve u3 datiia
Kok 00HO NAMEPUYHOE YUCAO U PA3NOHCUAL €20 HG Npocmve mHoxcument. OKa3aA0Ch, MO MAKUT
MHOHCUMeENEl PO6HO 0684 U OHU pasiuyuatomces wa 2. Mozao au maroe 6vimov?

OTBer: Her.

Permrenue. J1oroBopuMcs MuCaTh MATEPUIHBIE IUCJIA B CKOOKAX, 9TOOBI OTJIMYATh UX OT JECATUIHBIX.
[Mycrs & — canranHoe YUCII0, % U U — €r0 MPOCTHIE ACJUTENH, U = u+2. 3aMerum, 4ro 9ucio r—+ 1 gerno
¥ PaABHO (“;”)2, TO €CTb sIBJIIETCS TOYHBIM KBajparoMm. B gacraocru, x + 1 kparso 4. Byzem nucars x,
u, v B ngrepuynoil cucreme. Yucsa u u v okanuuBaiorcs e Ha (), nHAYE OHO U3 HUX PABHO D U T < 3D.
[Tosromy pouycrumbie napbl nocsaeauux uudp v u v — (1,3), (2,4), (4,1). 3uauur, £ OKaHIUBAETCS HA

3 nnm 4. PaccmorpuM aBa ciydasd.

1) = oxanwueaemeca na 4. Torna x + 1 okanuusaercs na 0, orkyna (z + 1) @ 25. 3uauur, nocieHUMU
uudpamu x + 1 6ynyr (00), a z okanuusaerca na (44). Ilosromy

x = (444344 ... 43444344) u 1z + 1= (444344 ... 4344 4400).

20233
2

B zanuce x+ 1 Bxogur = 1010 rpoek. Torpa (x+1)mod 4 = 1010-3 mod 4 # 0, 4T0 HEBO3MOAKHO.

2) z okanuusaemces na 3. Ilycrb a — upennociaennss uudpa x. Torua B usrepudnyio 3anuch & uudpa
a sxomut 2023 paza, asoiika u Tpoiika — 1011 u 1012 pa3 coorsercrBenno. Ilosromy

0= (x+1)mod 4 = (2023a 4+ 1011-5+ 3 + 1) mod 4 = (3a + 3) mod 4,
orkysa a =3 u x = (333233 ... 3233). Ilo upusnaxy Jesumocru Ha 6 B UATEPUUIHON cUcreMe

zmod 6 =1011-(3-3+4+2—3)mod 6 = (—1011)mod 6 = 3.



Takum 06pasoM, T © 3, 4TO HEBO3MOXKHO. []

5. B cmpane Jlumonuu 6 o6paulenuy UCTOAL3YIOMCA Monemv, docmouncmeom 37, 301 . 4, 372 . 42,
3343 .., 34771 4" nuacmpos, 2de n — namypaavroe wucao. 2Kumeav cmpanse 3auen 6 6anK,
He uMes NPu cebe Haruuhux denez. Kaxyro naubosvwyro cymmy emy He cmoz2ym evdamv 6 banke?

OrBer: 247+l _ 3nt+2,

Penrenue. HatypanbHOe 9HCIIO S HA30BEM N -PA3AOHCUMBIM, €CTA CYMMY S MOYKHO BBITIJIATHTH MO-
HeTaMH JOCTOMHCTBOM 37, 3"~ ! .4, ..., 4" MHaCTPOB, U N-HEPA3AOHCUMBLM B IPOTHBHOM ciIydae. 1lpu
n = 1 gocTymHbl TOJIBKO MOHeThI 0 3 u 4 nuacrpa. Ecim s > 8, To naiigerca rakoe r € {0, 1,2}, uro

(s—4r) : 5. Toraa s umeer sug 4r + 3k, T0 ecTb aBsgerca 1-pasiomumbivM. OQUEBUIHO TAKIKE, YTO UC/IA
7 u 6 Oyayr l-passiokumbivu, a 5 — mer. Takum o0pa3zoMm, MAKCHUMAJbHBIM 1-HEPA3I0KUMBIM UUCIOM
apigerca 5 = 2 - 42 — 33,

JokazkeM, 94TO I JIF060r0 HATypassbHOro n uncio 2 - 4" — 37+2 gyner n-nepasnoxumbiv. Cremaem
910 10 uHAyKiuu. basdy mbl yxke nposepusu. Ilycrs s n — 1 yrBepxenue cupaseiuso. Jlomycrum,
910 wmeno § = 2 - 4" — 3712 okaszamoch n-pasioKUMEIM. ECTH B CyMMy S BXOAHT M MOHeT mo 4"

nuacTpos, To m < 8 u (24" —m - 4") 3, orkysa m = 2 i m = 5. Haiijnyrca neorpunaTesibHbie
reJible 9ucia ky, . .., Ky, Jj8 KOTOPBIX

s=m-4"+k 4" 1.3+ ... +k, 3"

Torma
_ _ _ s—m - 4"
Ep 4"t kg 4" .34 4k, -3t T —
[IpaBast gacTh papna 2 - 4" — 3" unm 4" — 37+, Ho oba stux uncia (n — 1)-Hepas3aosKuMbl: Tiep-
BO€ — [0 MHIYKIMOHHOMY IIPE/IIOJIO?KEHUIO0, BTOPOE — IIOCKOJIbKY M3 HEr0 MOXKHO IOJIYYUTH IIEPBOE

so6asenueM 4 - 4”1, TakuM 06pa3oM, Mbl LOJIy4U/IU LPOTHBOPEYLE.

JlokaskeM Temepb, 9TO ecau § > 2 - 4"T1 — 3"+2 10 umcmo s apaserca n-pasmoxumeim. CHOBa BOC-
noJib3yeMmcs uHayKnueit mo n. Ba3y mbl yxke nposepuiu. Ilpeanosioxkum, aro mis n — 1 yrBepkKaeHnue
s—r-4"

cupasemymBo. Boibepem r € {0,1,2} Tak, 9To6er s — r - 4" nemminock Ha 3. Ilomoxum N = 3

Toruna
2.4n+1_3n+2_r.4n (8_7.)477«_3"4-2 6.4n_3.3n+1

N = > =2.4" - 3!
o 3 3 3 3

U 00 UHAYKIMOHHOMY mpeanosiokenuto N Oyzer (n — 1)-pas3ioKuMbiM. 3HAYMUT, HAWyTCs HEOTPUIA-
TeJIbHbBIE IeJible Iucia ki, ..., Ky, [J1S KOTOPBIX

N=k 4" 4k -4"2.34+... 4k, 3", 1moecrp s=r-4"+k -4" -3+ ... +k, 3"

Takum 0Opa30oM, 9UCIO S SABISETCS N-PA3IOKAMBIM. [



OaunMmnuaga mxkoJbHUKOB CIIOI'Y o maTtemartuke

3akarouuTeabHblii 3Tan. 2020/2021 yueOHbI roa

3aganuda 14 8-9 Kjaccos

(ITpaBuUsIbHOE M MOJIHOE pEIICHUE KaKA0M 3a/1aun olleHuBaeTcs B 20 6asioR)



9 KJIACC. IIEPBBIMT BAPUAHT

1. /lokaxkure, 9TO Jjid JIOOBIX BEIIECTBEHHBIX YUCET a U b ypaBHeHUe
(a® — b*)z? 4+ 2(a® — b*)x + (a* — b*) =0

MMeET peleHue.

Pertenue. Ecim a = b, To 060t x sBisercs perierneM ypasHeHus. Ecin a # b, To Ham
HY?KHO JI0OKa3aTh, YTO KBaJIPATHBIN TPeX4/IeH IMeeT KOPeHb. /[jIg 9Toro JI0cTaToqHO NPOBEPUTD,
YTO €ro JIMCKPUMUHAHT HeoTpuiiaTesieH. /IMcKkpuMuHAHT, Jle/IeHHbIi Ha 4, paBeH

(a® =0°)% = (a® = 0°)(a" = ") = a'b? + a®b" — 2a°0° = a®b*(a — b)?,
9TO BCErJla HE MEHbIIC HYJIA.

2. Ha ocTpoBe »KUByT JIzKellbl U phIIapU. Phlllapn Bcerja roBOpsT IIpaBiLy, JIXKEIbl BCeria
JryT. KaKIplii 2KuTe/Ib OCTPOBa MPO KaxKI0r0 U3 OCTAJIbHBIX 3HAET PhIaph OH WK Jizkell. Kak-
TO pa3 BcTpeTuanch 19 ocrposutan. Tpoe n3 Hux ckazaan: «POBHO Tpoe 13 HAC JIZKEIbl», 3aTeM
IIeCTEPO U3 OCTAJbHBIX CKaszaJsn: «POBHO IecTepo m3 HAC JIXKEIbl», HAKOHEIl, JeBATh U3 OCTaB-
IIUXCsT cKa3a: « POBHO JIeBATH U3 HAC JIZKeIbl». CKOJIBKO JIZKEIOB ObLJIO CPEIN BCTPETUBIIAXCS !
[IpuBeuTe Bce BO3MOXKHBIE BAPUAHTHI U JIOKAXKUTE, ITO JPYIUX HET.

OtBer: 9, 18 wmm 19.

Pemenne. I[lycts Tperhsa ¢dpasa BepHa. Toria Bce roBopHBIINNE ee — PBINAPH, U JIKEIIOB
JIOJI?KHO OBITH POBHO JIEBATH. [109TOMY BCe TOBOPHBIIHIE OCTaJbHBIE (Dpa3bl — JKenbl. VX je-
BSATD, & 3HAYHUT, [IPOMOJIIABIINI — PBIIAPh, U TaKasi CUTyalus Bo3MoxKHa. [[ycTs Tperhs dppasza
HEBEpHA. TOI‘,ZL& TOBOpHBHINE €€ — JIZKeIbl, U JIZKEITOB HE MEHeC JICBATU. HOSTOMy B IIEPBLIX ABYX
rpynmax toxke jaryT. CremoBarenbHo, JkeroB He menee 18. Ilocemuuit xxe MoXKeT OBITH KeM
YTOJTHO.

3. Bemectsenntnie uncna a, b, ¢ u d ynosnaersopsioT yeiaosnio ab 4+ b5+ 8 +d° = 64. Haitaure
HanboJIbIlee 3HAYeHne BhIpaskeHns a’ + b’ + ¢’ + d’.
OTBet: 128

Pemenue. I1o ycaosuio a® < a®+ 0%+ % +d® = 64, nosromy a < 2. Anasorudno nosydaem,
aro b < 2, ¢ < 2 u d < 2. CaegoBaTesbHO,

a"+b +c'+d =a-a+b- 0 +c-F+d-d® <2a’+0°+ P +d¥) =264 =128,

PaBencrBo nocruraercs, korma a = 2, b = ¢ = d = 0. Ilostomy a” +b” + ¢ + d” He mpeBOCXOIUT
128 m MokeT eMy pPaBHATHCS.



4. Ha cropoue BC tpeyrosbauka ABC ormeuena touka K. K omnmcanuoit oKpyKHOCTH
tpeyrosibanka AKC' mpoBesiena KacarenbHas (1, napaJjenbHas npsamoit AB u Onmkaiimas
K Heit. OHa KOCHY/JIach OKpyzKHOCTH B TOuke L. [Ipsimas AL mepeceksa ONMMCaHHYIO OKPYZK-
HocTh Tpeyrosibhnka ABK B touke M (M # A). K sroit okpyuocTu B Touke M TpoBejeHa
kacaresbHasd lo. Jlokaxkure, uro npsimbie BK | {1 n {5 niepecekaroTcs B OJIHON TOUKE.

Pemenne. [Tycrs N — Touka nepecedenns: npsimbix BC' u £1. Eciu mbr mokaxkem, aro N M
— KacareJbHasg K OIMUCAHHON OKPYyKHOCTH Tpeyrojbinka ABK | To Touka N Oyzer jexkarh Ha
upsMoii (o, a 3uauut, npsamble BK | {1 u {5 iepecekaioTcs B OJIHOM TOUKeE.

[Tockosbky mpsimbie AB u LN mnapasuienbubl, a derbipexyroibank AM BK BruucaHHbBIH,
/LNK = ZABK = ZAM K. CnenoBarebHo, 9eTbipexyroabunk K LM N BuucaHHBIN 1, 3HA-
qnt, LZMNK = ZALK. Yerbipexyronbuuk AM B K Bnucannbiii, mostomy LM BN = /ZMAK.
CnemoBarensrno, ZAKL = ZBMN. ITockoJIbKy yroa MexXIy KacaTeJIbHONH U CeKyIeil paBeH
BIIMCAHHOMY YTJIy, OIUPAIOIIEMyCsl Ha JyTy, KOTOpyto crsiruBaer cexymasi, ZJAKL = ZMLN.
Takum obpazom, LBMN = ZAKL = ZMLN = ZBAM (nocieanee — u3 mapaJuieIbHOCTH
upsimbix AB u LN). Crano 6eirb, NM — KacarejibHasi K OIMUCAHHON OKPY’KHOCTH TPEYTOJib-

muka ABK.

5. Hama wmeraaras jocka 2020 x 2021. Ilers u Bacsa urpator B ciemytoriyio urpy. Onn
[0 OYepey CTaBAT (PUITKU B CBOOOJHbIE KJIETKHU JOCKU. BBIMTIPBIBAET TOT UI'POK, IIOCJIE XOJIa
KOTOPOTro B KaxKJ0M KBajspare 4 X 4 Oyuer croarh ¢pumra. Haunnaer Ilers. Ko u3 urpokos
MOXKeT obecrieunThb cebe 1mobe/ly BHE 3aBUCUMOCTH OT JefCTBUI colepHuKa’

OrBet: Baca

Pemenne. Bacsa jmomken xoauTh Tak, 4To0b! [leTd He cMOr BBIUTpATh CJICIYIONIUM XOJIOM.
[Tokazkem, 9TO OH BCETIa CMOXKET 9TOr0 JI00UThest. Ecyin Ha jocke ecTh apa HelepeceKalommuXcst
ycThIX KBaJipaToB 4 X 4, Ilera jozkeH moctaBUTh (DUIKY TaK, 9TOOBI OHE OCTAJIUCH U IIOCIE
ero xoja. Kcmm Takoit xo/1 HEBOZMOYXKEH, TO Ha JIOCKE CBOOOJIHO BCEIO JIBA HEIEPECEKAIOIINXCS
mycThIX KBajpara 4 X 4, a ocrajgbHble KJIeTKHN 3aHdaThl (ukamu. CjemoBaTebHO, Ha JIOCKY
noctasjeno 2020 - 2021 — 32 dwumek. Vx wvernoe umcio u, 3uaqut, ceitdac xox lleru. Ecim
’Ke JIo0bIe JIBa MyCTHIX KBaJipaTa 4 X 4 mepeceKaroTcs, TO HailjleTcs KJeTka, ob0Ias ik BeeX
kBaJipaToB. Torja Bacs mocraBuT (buIiKy B 9Ty KJIETKY U BBIUI'PAET.



6. HaiiuTe Bce mapbl TaKue IPOCTBIX YHCEI P 1 ¢, 9T0 p2 + Hpq + 4¢* apigercsa KBajapaToM
HATYPaJbHOTO YUCIA.

Ortsert: (13,3), (7,5), (5,11)

Pemenue. Ilycts p? + 5pq + 4¢® = n? 11g HEKOTOPOro HaTypaabHOro n. Torma

pg=n*—=(p+2¢9)°=(n—p—29)(n+p+2.

JleBast 9acTh pacKJIaIpIBAETCS B MMPOU3BEJIEHNE JIBYX UHCENI, OJHO M3 KOTOPBIX IeJI0e, a IPyroe
HATypaJbHOE, YeThIPbMS criocobamu: pq- 1, p-q, q¢-p u 1-pg. Yucno n+ p+ 2q 6omabie u p, u q,
[I09TOMY TIEPBBIE TPHU CiIyuas HeBO3MOKHDBI. CTajio ObITh, n—p—2¢ = 1 u n+p+2q = pq. Takum
obpazom, 2p + 4q = pqg — 1. Cnemosarensho, (p —4)(q —2) = 9 u, 3nauur, p — 4 = £1,+3, +9.
Torma p =4+ 1,44+ 3 wm 4+ 9. I3 nux npoctbiMu 9ucjiaMu OyJIlyT TOJBKO 3, 5, 7 u 13.
CoorsercrBytomumu uM ¢ Ooyayr —7, 11, 5 u 3. [losromy mepBbIil BapuaHT He MOJXOJNT, a
OCTaJIbHbIE TTOIXOIST.



9 KJIACC. BTOPOI1 BAPMAHT
1. /lokaxkure, 9TO Jjid JIOOBIX BEIIECTBEHHBIX YUCET a U b ypaBHeHUe
(a® — %)% 4+ 2(a® — b°)x + (a* — b*) =0

MMeET peleHue.

Pertenue. Ecim a = b, To 0boit x sBisercs perierneM ypaBHeHus. Ecin a # b, To Ham
HY?KHO JI0Ka3aTh, YTO KBaJIPATHBIN TPEX4/IeH IMeeT KOPeHb. /[jIg 9Toro JI0cTaToqHO NPOBEPUTD,
YTO €ro JIMCKPUMUHAHT HeoTpuiiaTesieH. /[McKkpuMuHAHT, JleJIeHHbIi Ha 4, paBeH

(@®=0°)% = (a* = 0")(a® = 0°) = a®b" + a'0® — 2a°0° = a'b'(a — b)?,
9TO BCEr/la HE MEHbIIC HYJIA.

2. Ha ocTpoBe »KUByT JIzKellbl U phIIapu. Poillapn Bcerja roBOpsT IIpaBiLy, JIXKEIbl BCeria
JryT. KaxkIplii )KuTeab OCTpoBa MPO KaXKJIOTO U3 OCTAJIbHBIX 3HAET PBIAph OH WJIM JIZKEIl.
Kaxk-To pasz BcTtpernmnch 28 octpoButdas. /[Boe n3 HUX cKazaan: «PoBHO 1BOe M3 HAC JIZKEIThI»,
3aTeM YeTBEPO U3 OCTaJbHBIX CKazaju: «POBHO 4eTBepo M3 HAC JIXKEIbI», IIOTOM BOCEMb W3
OCTaBINNXCs CKazaju: «POBHO BoceMb M3 HAC JIzKEIlbl», HAKOHEIl, BCe ocTaBIuecs 14 ckaszaJjiu:
«PoBHO 14 m3 nHac Jikerbly». CKOJMBKO JIKENOB ObLIO cpean BeTperuBiiuxcsa! llpuseanre Bce
BO3MOXKHBIE BAPUAHTHI U JIOKAXKUTE, UTO JIPYTUX HET.

Orser: 14 nnn 28.

Pemenne. Ilycto nocenss ¢ppasza BepHa. Toraa Bce rOBOPUBIIIHIE €€ — PHINAPH, U JIZKEIIOB
JIOJIZKHO OBITH poBHO 14. IToaTOoMy Bece roBopuBIIHTE ocTa/IbHbIE (DPa3bl — JIZKEIbl U TaKasd CUTY-
arusi Bo3MoxkHa. [IycThb rociiennss dopas3a HeBepHa. Toria roBOpHUBIIKE €€ — JIZKEIIbl U JIZKEIIOB
He Mmenee 14. [TosTomy mnepBbie Tpu ¢dpasbl HEBEPHBI U, 3HAYHUT, B IIEPBBIX TPEX I'PYIIIAX TOXKE
sryT. [losTomy Bce BeTpeTuBIMecs: — JIZKEIIbI.

3. Cymma HeoTpHIATEIbHBIX dnces a, b u ¢ paBHa 3. Haitnure naunbosbiliee 3Ha9eHne BbI-

pazkenus ab + bc + 2ca.

OTBeT: %

IlepBoe pemnienmue. [lo yciosuio
9= (a+b+c)?=2(ab+bc+ca)+a®+b*+c* = 2(ab+be+ ca) + b+ 2ca > 2(ab 4+ be + 2ca).

PagenctBo jocturaercs, korma b=0wu a = ¢ = % [TosTomy HamboIbIIUM 3HaYEHUEM OYIET g.

BTopoe perienue. 3amerum, UTO

2 2
ab—i—bc—l—ZCa:(a+c)(3—a—c)+20a:3a+3c—a2—02:g—(a—§> —<c—§> <

U DABEHCTBO JOCTUIACTC, KOTIa a4 = ¢ = 2. [103ToMy HAMOGOJIBIINM 3HAYEHIEeM Oyier 2.
) 2 2



4. OKpYKHOCTHU W1 U Wq Iepecekarorcs B Toukax K u L. [Ipsamas ¢ nepecekaer OKpyKHOCTH
wy B Toukax A u ', a OKPYKHOCTb Wy — B ToUKax B m D, npudeM TOYKU UJIYyT HA MPAMOit ¢
B asipaBuTHOM Topsike. Obo3uadnMm depe3 P u () coorBeTcTBeHHO Ipoekiun Todek B n C Ha
npamyio K L. Jlokaxure, aro npambie AP u D() napaJsiiebHbL.

Pemenune. O6osnaunm Touky mepecedenus npsaMbix KL uw AD depe3 M. U3 BnmcanHo-
ctu 4derbipexyroiabiuka BK DL zakmodaem, uro /BKL = ZBDL. IlosToMy TpeyroJbHUKH
BM _ LM

BKM n LDM 10100HbI 1, 3HAYMT, 3757 = 757+ VI3 BIMcannoctn derbipexyroibiuka AKCL

zakogaeM, uto LZCAK = ZCLK. Ilostomy tpeyroibauku AK M u LC'M 1tonobubl 1, 3Ha-

apr, M — LM Tappv obpasom, 4M = DM Tlockomnbky npsvbie BP i CQQ epIeHuKyIspHbI

"KM —_ CM* " BM —_CM® (ST
upsmoit K L, tpeyrosbauku BPM n CQM 1omoOHBI U, 3HAYAT, 277 = 7. CJIEI0BATENHHO,

cM — QM"
PM _ BM _ AM
OM = OM = Di- Crago 6b1Th, TpeyrosbHuKu AP M 1 D) M 110/100HBI 110 yTJIaM 1 OTHOIIIEHUTO

cropos. Torna ZAPM = ZDQM n, 3uaunr, npsambeie AP u D() napaJiie/ibHbL.

5. Jlana kmervaras mocka 2021 x 2021. Ilera m Baca urpator B caemyromyio urpy. Ouun
[0 OYepe N CTABAT (PUIITKU B CBOOOJHBbIE KJIETKHU JOCKU. BBIMTIPBIBAET TOT UI'POK, MIOCJIE XOJIa
KOTOPOT'O B KazKJIOM IPAMOYTOJIBHUKE 3 X b 1 5 X 3 OyzeT crodaTh durnka. Haunnaer [lersa. Kto
13 UTPOKOB MOXKET 00ecrieunTh cebe mobey BHe 3aBUCUMOCTH OT JIEHCTBUI collepHuKa?

Orser: llera

Pemenne. [lets nomken xoauTh Tak, 97006l Bacsd He cMOr BBIUTpATh CJICIYIONIUM XOJIOM.
[Toxkazkem, 9TO OH BCerja CMOXKET 9TOro JI00uThes. Eciim Ha 1ocKe ecTh mapa HellepeceKarommX-
¢ IIyCTBIX TPSIMOYTOJIBHIKOB 3 X 5, Ilerst mosken nmoctaBuTh (BUIIKY TaK, YTOOBI OHM OCTAJIUCDH
U 1ocJjie ero xona. Kem Takoil Xo/1 HeBO3MOKEH, TO Ha, JIOCKe CBOOOIHO BCEro JIBa HellepeceKaro-
MNXCA HYCTI)IX HpHMOYFOJIBHI/IKa 3 X 5, a OCTaJIbHBbIE KJIETKU 3aHATHI CbI/IH_IKaMI/I. CJ’IGJ:[‘OBaTe.HbHO,
Ha JocKy noctasieno 20212 — 30 dbwumex. VIx HeweTHOE 9HCIO U, 3HAUNT, ceitaac xoi Bacu. Ecim
JKe JIIOObIEe JIBa IyCThIX MPSIMOYTOJbHUKA 3 X H IepeceKaloTcs, TO HailJleTcs KJaeTKa, O0Ias JIjist
Bcex kKBaipaToB. Torma Ilers moctaButT UIIKY B 3Ty KJAETKY U BBIUTPAET.



6. Haiimure Bce Takue HaTypaJsbHble YHCIa N, 9TO 4ucao 2" + n? + 25 apisgercsa KybGou
IIPOCTOT'O YHUCJIA.

OrBer: n =6

Pemenue. [Tycts 2" + n? + 25 = p® 114 mekoToporo mpocroro uucia p. I1ockomabky p > 3,
Pp — HEYeTHOEe IIPOCTOoe 4umucjio. Torma n — 4YeTHOoe 4YKMCTIO, U 2" JaeT ocTaToK 1 Ipu JiejieHuun
Ha Tpu. Ecim n me menmTcd Ha TpH, TO n? JaeT ocTaToK 1 IIpH JiejleHuH Ha TPHU, a TOIVIA
2" + n? 4 25 KpaTHO TpeM, YTO HeBO3MOXKHO. TakuMm o6pa3oM, n JeJUTC Ha IeCTb U MOXKHO
sarmcath n = 6k. Ciegosarensho, 2" + n? + 25 = 64% + 36k% + 25 > (4%)3. TlosTomy

64" +36k* +25 > (4" + 1) =64 +-3-16F +3.4F + 1.

Ecma k > 2, o 3-4% > 25 u 3-16% > 36k% (mocnemmee BBITEKaeT, HAIIPUMED, U3 JIETKO
ITPOBEPSAEMOTO 0 MHIYKINH HepaseHcTsa 4% > 6k). Takum obpasom, k = 1 w n = 6. Ocramoch
ybenThes, 9To Takoe n moaxoant: 28 4 62 4 25 = 125 = 53,



9 KJIACC. TPETUM BAPUAHT

1. Haiiyure Bce Takue 3HaUeHUA a, i KOTOPHIX KBaJpaTHLIC TpexwieHbl 72 + 2 + a u
22 + ax + 2 = 0 UMeIOT 10 /IBa KOPHs, IPUYeM CyMMa KBaJPaToB KOPHeil HepBOro TpexdeHa
paBHa CyMMe KBaJIpaTOB KOPHEH! BTOPOI'O TPEXUJICHA.

OrBer: a = —4

Pemenue. Eciu x, u 5 — KopHHE Tpexdiena x> + px + ¢, To 1o TeopeMme Buera,
2 2 2 2
zi + 15 = (71 + 12)° — 22179 = p° — 2q.

CiesioBaTe/IbHO, HYKHO HAHTH TaKne Yuciia a, JI7Id KoTopbix 22 —2a = a? —2-2. Takum o6paszom,
HaJI0 pemuTh ypasHeHne a® + 2a — 8 = 0. Ero xopuamn gpisiores a = —4 n a = 2. Ilepsbrit
BApPHUAHT IOJIXOJNT, & BTOPOIl BAPUAHT HE IIOJIXOIUT, IIOCKOJIBKY TpexusaeH 12 + 2o + 2 He mMeer
KOpHEH.

2. Kazk1plit 13 0CTPOBUTSH JINOO PHIIAPb, KOTOPBIN BCETIa TOBOPUT MIPaB/Ly, JTUOO JIXKEIT, KO-
TOPBIIT Beeryia JIKET (U Te, U Ipyrue Ha OCTPOBe eCTh). KazKJiblil KUTesib 0CTPOBa PO KazKJ0ro
3HAET PBIAPh OH MJIH JIZKEIl. JacThb yKuTejeil oCTpoBa 3asdBU/Ia, 9TO Ha OCTPOBE IIPOKUBAET YeT-
HOE YHCJIO PBIApeil, & BCe OCTABIIUECS KUTE/IN 3asBUJINA, 9TO Ha OCTPOBE MIPOKUBACT HEUETHOE
qncyio JjikeroB. Mozker i Ha ocTpoBe ObITh poBHO 2021 KuTeNb?

OTBer: HeT

Pemenne. [Tockonbky 2021 — HEeUeTHOE YHC/IO0, HA OCTPOBE JIMOO HEYETHOE YUCJIO phIlapeit
U YeTHOE YHCJIO JIKEIOB, JIMDO HEYeTHOE YHUCJIO JIXKEIOB M YeTHOe JHUC/I0 pbinapeil. [lepsbrii
cydail HeBO3MOXKEH, ITOCKOJIBKY 00a 3asiBJIeHUsI JIOYKHBI U, 3HAUUT, HUKAKOW phIllapb HE MOT
¢/leJiaTh HU [IEPBOe, HU BTOpOe 3asBjieHne. Bo BTopom ciydae 00a 3asB/I€HUS UCTUHBI, TO9TOMY
HUKAKOI JIZKeI He MOT CJIeJIaTh HU TIepBOe, HU BTOPOE 3asIBJICHUE.

3. Jlyist IpOM3BOMILHBIX BENECTBEHHBIX dncest ¢ u b (b # 0) HaiiuTe HaNMEHbIIee 3HAYCHIE
BeIpazkeHus a’ +b? + & + b%
Orset: /3

Pemenne. [lockombky
9 .9 a1 ( 1 )2 5 3 5 3 3
b -+ == — b — =0 — > 2/ —=+V3
ey Ty T W= V3
BeIpazKenue a® + b% + % + b% BCerga He MeHbIle /3. PaBencrso JOCTUTACTCH, €CJIU a + % =0m

2 1
b e

ol

T.e. Korga b = na=—

— 3
_4b27

S



4. Touku By u C'y — cepemunnt cropon AC' u AB tpeyronbsuuka ABC. Ha croponax AB u
AC' Kak Ha IuaMeTpax IMOCTPOEHBI OKPYKHOCTH wi U wo. O603HAUNM 3a D TOUKY IepecedeHms
npsamoit B1C) ¢ OKPYKHOCTBIO W1, JIEYKAIILYO 110 IPYTYI0 cTOPoHY OT C' OTHOCHTEIHHO TPSMO
AB. ObosznaunMm 3a F Touky mepecedennsi npamoit B1C] ¢ OKPYKHOCTBIO Ws, JIEIKAILYIO IO
JIpyryio cropory or B ornocurenbHo npsimoit AC. Ilpsmbie BD u C'E niepecekatoTcsi B TOUKe
K. Jlokazkute, aro upsmass BC' NpoxomguT depe3 TOUKY IepecedeHusi BBICOT TPEYTOJIbHUKA
KDE.

Pemenne. [Iycrs M — cepenuna orpeska DE, a npsmbie AM u BC niepecekaioTcst B TOUKe
L. Iockosbky BCy — cpennsist innus rpeyroibauka ABC, npsimbie B1C u BC napaJuieibHbl.
Buauut, B M — cpenuss qunus tpeyroiabuuka ACL u, B wactHoctu, M — cepenuna oTpe3ka
AL. Torma muaronaym derbipexyrogbanka ADLFE nenarcs ¢Boeil TOYKOI IepecedeHns IOIo-
aam, nosromy ADLE gsnsiercsa napasuienorpamvoM. Crenosarensuo, AD || LE uw AE || DL.
[Tockonbky yron ZAEC onupaercsa Ha JuaMeTp OKPY:KHOCTH wo, psaMble AE n K E niepren-
JIIKYJISIPHBL, a, 3Ha4nT, psaMble DL u K E Takxke neprenukyaspabl. Anagoruano AD 1 KD
u, 3uauut, KL 1 KD. Takum obpazom, L — oprorenTp Tpeyroibanka K DFE.

5. Ha nienrpasnbnoit Kiaerke jocku 11 x 11 crout dumika. Ilers u Bacs urpator B cjie 1y oIy o
urpy. Kaxabim cBouMm xomoMm Ilers mepeapuraer UKy Ha OJHY KJIETKY IO BEPTUKAJM WJIN
ropu3onTan. Kaplit cBOMM XOJI0M Bacsi BO3BOJUT CTEHKY C OJIHON M3 CTOPOH JIIOOOH 13
kJietok. /Isurats dumiky depes crenky [lers me moxkeT. Irpokn XomadT 1o odepein, HAaInHAeT
[Ietst. IleTst BoIUTpBIBaET, eciiu cMoxKeT (DUIIKON YyiiTh ¢ 1ocKu. MoxKeT Jiu OH 00ecreduTh cede
mo0e/ly BHE 3aBUCUMOCTU OT JIEWCTBUI collepHuKa?

OTBer: Her

Pemenmne. Ilepsoiv cBoum xoiom Bacs BbiOupaeT O/HY M3 yIVIOBBIX KJIETOK M BO3BOJIUAT
B Heil 10 OJIHOW W3 JIBYX BHENIHUX CTOPOH CTeHKY. CIIeYIONMMI TPEeMsi CBOUMHU XOJAMU OH
CTPOUT aHAJIOTMYHbIE CTEHKH JIJI TPEX OCTABIIUXCH YIVIOBBIX KJIETOK. 3a 3TU YeThbIpe XOJa
[Terss me ycmeer joiitu 10 kpas jgocku. Eciu kakum-to xomom Ilerst nepemsuraer ¢puinky B
KJIETKY Ha Kpalo JIOCKHM, TO B OTBeT Bacs CTPOUT CTEHKY 1O BHEIIHEW CTOPOHE ITON KJIETKH.
Ecnmu kakum-To xo0M Ilers nepeiBuraer huiky B yriioByIio KJIETKy, To Bacs B oTBeT moctpout
CTEHKY Ha ellle He3aCTPOEHHO BHENTHe CTOPOHE 3TOI KJIETKH. B OCTAJIbHBIX CIIydasx, a TaKKe
eCJTM KaKas-TO M3 HYKHBIX y2Ke Oblia mocTpoeHa panee, Bacd cTpouT mponsBOIBLHYIO CTEHKY.
[Ipu Takoit urpe HE ¢ Kakoil u3 KpaitHux KJieTok lleTss He cMOXKeT BBINTH 3a IpeiesIbl JOCKH.
SuauuT, (uika HUKOI/Ia He TOKUHET JIOCKY u lleTs He cMOXKeT BBIUTIPATH.



6. /lokarkure, 9TO CymIECTBYET OECKOHEYHO MHOI'O TAKUX HATYPAJIHHBIX YUCENT 7, YTO KOJIU-
YEeCTBO PA3IMIHBIX HEUETHBIX MPOCTHIX JeJuTeseil qucia n(n + 3) KpaTHO TpeM.

Pemenne. O6o3naunm uepe3 a, KOJUIECTBO PA3JIMIHBIX HEYETHBIX HMPOCTHIX JeIuTeseit
qucsta n(n + 3). Ilpeamonoxkum, 910 dmces, i KOTOPBIX @, KPATHO TPEM, JIUIh KOHEYHOE
KoJIm4decTBO. Torja Jijist HEKOTOPOTO M IPU N = M YUCJIO @, He OYyJIeT JeJUThCs Ha TPH.

Paccmorpum nmpousseienne

nn+1)(n+3)(n+4)=nn+4)-(n+1)(n+3)=n(n+4) (n(n+4)+3).

[TocmoTpuM Kakne OOIHe IPOCTBIe JeUTeIn MOryT ObITh y ances n(n + 3) u (n+ 1)(n + 4).
Yucna n u n + 1, a Takxke anciaa n + 3 u n + 4 B3anMmuO npoctsl. ucta n + 1 u n + 3, a
TaKKe YUCIa N U N + 4 MOryT UMeTh B KadecTBe OOINEro MPOCTOro JIEJUTEIsI TOJIBKO JIBOUKY.
CnenoBaTeslblo, Ay (i) = An + Apyr. Ecm n > m, TO ay, Gpq1 B Qp(niq) HE JEIATCH Ha TPH.
Ho sT0 Oyter He Tak, ecjim OCTaTKU Y UCET Gy U Gy PA3JIAYHBL. JTO O3HATAET, UTO OCTATKH Y
YUCEJT Gy, U Gpyyq TIPA N 2> M OJIMHAKOBBL. 'TOT/1a BCe OCTATKY OT JICJICHUA HA TPU Y TUCET A, IPU
7 2 M OIMHAKOBBHI U He paBHEI Hy/0. Ho 9T0 IPOTHBOPEYUT PABEHCTBY Gy (n44) = p + Gy



9 KJIACC. YETBEPTBIN BAPUAHT

1. Haiiure Bce Takue 3HaYeHHS @, JJIS KOTOPLIX KBaJpaTHLIC TpexXdieHbl 12 — 6x + 4a u
22 + ax + 6 = 0 UMeIOT TI0 JIBa KOPHs, IPUYeM CyMMa KBaJPaToB KOPHeil HepBOro TpexdeHa
paBHa CyMMe KBaJI[paTOB KOPHEl BTOPOI'0 TpexdJeHa.

OtBer: a = —12
Ecmu x4 u x9 — KOpHU TpextieHa x? + px + ¢, TO 110 Teopeme Buera

2+ 25 = (21 + 22)* — 2w1m9 = p* — 2¢.

CirenoBaTesIbHO, Hy»KHO HAHTH TaKue 9nuc/Ia @, /8 KOTOPhIX 62 —8a = a?—2-6. Taxum o6paszou,
HaJI0 PemuTh ypasnenue a’ + 8a — 48 = 0. Ero xopuamu apngiorca a = —12 u a = 4. [lepsorit
BapUAHT HOJXOIUT, & BTOPOil BApMAHT He HOIXOIUT, HOCKOIbKY TpexdieH 12 — 6z + 16 ne numeer
KOpHEH.

2. Ha ocrtpoBe xkuByT JizKelbl u pbiriapu, Bcero 2021 wesoBek. Poiliapm Bcerjia roBOpAT
paBJLy, JIKEIbl Beerjia JiryT. Kaxk bl KuTeib 0OCTpoBa PO KaxKJI0r0 3HAET PhIapb OH WJIN
JoKell. B oJiuH mpeKkpacHbIil JIeHb BCe KUTE/IM OCTPOBa IMOCTPOWIKCH B Iepenry. [locite aToro
KasK/IbII YKUTEJIb OCTPOBa 3adBUI: «KoImdyecTBO CTOAIMX clipaBa OT MeHs JIZKEIOB 0OJIbIIe
KOJINYECTBa CTOSAIIUX CJIeBa OT MeHs phirapeiiy. Ckoibko Ha ocTpose pbinapeii? [Ipuseanre
BCEe BO3MOXKHbIE BAPUAHTHI U JIOKAXKUTE, YTO JIDYTUX HET.

Orset: 1010

Pemtenne. Camblii mpaBblii OCTPOBUTSIHUH HE MOXKET FOBOPUTH IIPABJLY, IMOCKOJIBKY JIEBee
€ro BOoOOITe HMKOTO HET W, B YaCTHOCTH, HeT JizkenoB. [losromy on jmkert. Camblil JeBBIi 0CT-
POBUTSHUH HE MOYKET BpaTh, IOCKOJIBKY JIEBee ero eCTh XOTd Obl OJIMH JIXKEII, & IpaBee ero HeT
HUKOT'O U, B 9aCTHOCTHU, HeT phirapeii. [lostomy on peimapb. Bpemenno ybepeM STuX JBOUX
u3 mepeHru. s Bcex ocTafibHBIX KOJIMYECTBO JIZKEIIOB CIIpaBa M KOJIMYECTBO PhINapeil cjieBa
YMEHBIINJIOCh Ha €IUHUILY, IIO9TOMY UCTUHHOCTD U JIO2KHOCTD UX yTBep)K,ZLeHI/Iﬁ HE ITOMEHAJIaCh.
[TosTomy, mpojieniaB ere pas To Ke paccyzKJeHue, Mbl YCTAHOBUM, UTO CAMBIN MPaBbIil OCTPO-
BUTSHUH — JI2KEIl, a CaMblil JieBbIii — pbiiapb. CHOBa ybepeM JIByX KpallHUX OCTPOBUTHAH, W
Tak OyJeM JAeficTBOBATh J0 TeX II0P, IMOKa He OCTAHEeTCA POBHO OJMH KuTeib. OH BpeT U MO3TO-
MY sIBJISIeTCs JIKeroM. TakuMm oOpa3oM, B cepeauHe IIePEeHTH CTOUT JIzKeIl, BCe CIIpaBa OT HEro
TaKzKe JIKEIIbI, a Bce cjieBa oT Hero — pheiapu. CiienoBarenbHo, phimapeir 1010.

3. /7151 pOM3BOJIbHBIX BelecTBeHHbIX unces a u b (a # 0) Hailjjure HAMMEHbIIee 3HAYCHUE
BBIPasKEHUsT a% + 2a? + 3b? + 4ab.

OTBer: %
[TockombKy

1 2a\2 8
= 4242 + 31 4b:<3b —) =« =4/2
2 + 2a” + + 4a V3 +\/§ + 3

BhIpaskeHune a%+2a2+3b2+4ab BCerjia He MeHbIIIe \/g . PaBencrBo gocturaercs, ecin \/§b—l—2—‘; =

22 _ 1 _oaf3 o (2)3/4
Om =5 —a2,T.e.KOI‘,ZLaCZ—\/gI/Ib— (3) .



4. [lpoxossiiast aepe3 Touku B u C' OKpyKHOCTH w 1epecekaeT cropoubl AB u AC' 1tpe-
yrompauka ABC B Toukax K u L coorBercrBento (K # B u L # C'). Ha nyge BL ormedena
takasg Touka P, auro BP = AC, a na syie C'K ormedena Ttakast Touka (), ato C'Q) = AB.
JokaxkuTe, 9TO MEHTP OMUCAHHON OKPYKHOCTU TpeyroabHuKa AP() jieXuT Ha w.

Pemenne. Ilycts Touka M — cepenuna jqyru BKC. Torma xopast BM u C'M crarusa-
I0T paBHBIE YIVIBI U 1MOTOMY paBHbl. Kpome toro yriwt ZKBM u /KCM paBHbI, TIO3TOMY
/ZABM = ZQCM. CnenoBarenbho, tpeyroabauku ABM u QCM paBHBI 10 JBYM CTOPO-
Ham u yrury mexiay aumu (AB = CQ no ycnosuwo). Crano 6bith, AM = QM. Anasoruaso
nokasbiBaercs, uro AM = PM. Takum obpazom, Touka M sBjiseTcsi EHTPOM OKPYKHOCTH,
OIMCAaHHOW BOKPYT TpeyrojbauKa APQ).

5. Jana kinerdaras gocka 3 x 2021 (3 xierku no Beprukaan u 2021 KeTKa 0 FOPU30HTAIHN )
U HeOrpaHUYEHHBbIN 3amac KapTOHHBIX 1oJIocoK 1 X 3. Ilera m Baca urparor B ciie/yonLyio
urpy. OHu 1o ovepesnu 6e3 HaJIOXKEHUIT pPa3MEIIAIOT Ha JIOCKE TOJIOCKH (M0 KJIETOYKAM), TI0
oJiHOI ToJiocke 3a xoi. lleTst KajeT cBoM MOJOCKKM TOPU30HTAJIbHO, a Bacd — BepTUKaJIBHO.
[IpourpsiBaeT Urpok, He umerornuii xojaa, HaauHaeT [lers. KTo u3 urpokoB MoxkeT obecrevunThb
cebe 1106€e/Ty BHE 3aBUCHMOCTHU OT JIEHCTBUIT COTEPHUKA !

Orser: llersa

Pemnenne. [lockosbky Ha jocke Bcero 3 - 2021 KaeToK, 000MMU UTPOKAMHU B CyMMe OyeT
cestano He 6osbine, gem 2021 xos. [Tokazkem, Kax j1o/KeH jieiictBoBaTh [leTs, 4To0bI BLINTPATS.
OH MBICJIEHHO pas3/iennT A0cKy Ha 673 KBajpaTa 3 X 3 u ofuH npsamMoyrojbauk 2 X 3. [lepBoivu
ceommu xosamu Ilerst Oyjer pasmeriarh MOJIOCKH B Te€X KBaJIpaTaxX, B KOTOPBIX eIle HUYIEro
netr. U neiicTBOBaTH 110 9TOW cxeMe OH OyJIeT JI0 TeX IOop, MOoKa Takoe BO3MOXKHO. ITockombky
cBOoMM X07I0M Bacs MoyKeT 3aHATH He OOJIbIIIE OJHOTO KBaIpara, [lers ciaenaer He MeHbIe, yeM
337 xonoB. B npamoyronbuuku, 3angaroie [lerunbivu nostockamu, Bacd He cMoXKeT MOXOIUTD.
[Tostomy nasbine Ilers moxker cienars ere o Kpaitaeit mepe 2 - 337 x0/10B. A, 3HAYUT, BCETO
OH CMOXKET ¢jiesiaTh He MeHbIne, yeM 337 + 2 - 337 = 1011 xomoB. Ho 310 GoJibIle TOJIOBUHBI OT
00ITIero vmcia JIONyCTUMBIX X0/10B. [osTomy Ha kaxkawrit xo Bacu y [letn Gy1eT BO3MOXKHOCTD
OTBETUTB, a ecjiu Bacs He npourpaer panbiie, To mocsie 1011 xoma [letu jgocka 6yaeT motHOCTHIO
MOKpbITa 1 Bacst He cMOXKeT MOXOIUTh.



. aliIuTe BCEe TaKHE IIPOCThIE YHCJIa n 9TO ABJIACETCA KBaJApaTOM HaTy-
6. Haiin ; g gt A y
PaJIbHOT'O YHUCJIA.

OtBeT: p=¢q =2

Pemenue. fcro, aro p = ¢ = 2 nogxoaut. Ilycrs p meverno u p?tt + ¢P*t = n2. Torna
p=2k—1 n pq+1 :n2—q2k: (n—qk)(n—l—qk).

O603HaYNM HAHGOBIIHI 06t gemTernsb uncea n — ¢* u n + ¢F gepes d. Torna d sBisgercs
crenennio p u uncio 2¢° = (n + ¢*) — (n — ¢*) nenurcs na d. TTockoabKY p HEYeTHO, OTCIOJA
ciaemyer, uro jmbo d = 1, mbo p = ¢q. B nociemuem ciyuae n? = pitl 4¢Pt = 2pPT! uro
HEBO3MOYKHO, TaK Kak p HederHo. CTano 6bITh, d = 1. Muoxkutemm n — ¢° u n + ¢* apasiorcs
crerneHnio p, mostomy n — ¢8 = 1 uw n + ¢ = p*l. Crenosarensno, 2¢* = pi*! — 1. Ecim ¢
HEYETHO, UTO JIeBas YaCTh JlaeT OCTATOK 2 TMpPHU JIeJIEHNN Ha JeThIpe, a MpaBas JacTh KPaTHA
gerbipeM. Takum oOpasoM, ¢ = 2 U, 3HAYHT,

M —p3 1= (p—1D(p* +p+1)=2k(4k? — 2k + 1).

ITostomy k = 2™ n 2¢ = 4k® — 2k + 1 = 2?™+2 — 2m+1 1 TlocsenHee paBeHCTBO HEBO3MOXKHO,
60 uncyo 222 — 2m+l 11 Gosblne eUHUNLI W HEYETHO, a 3HAYHUT, He ABJISETCH CTEIeHbIO
JIBOWKMU.



OaunMmnuaga mxkoJbHUKOB CIIOI'Y o maTtemartuke

3akarouuTeabHblii 3Tan. 2020/2021 yueOHbI roa

3aganus 1 6-7 KJIaccoB

(ITpaBuUsIbHOE M MOJIHOE pEIICHUE KaKA0M 3a/1aun olleHuBaeTcs B 20 6asioR)



6—7 KJacc

1. Ha xkapTunke HapucoBaHO N KPYKOYKOB, HEKOTOPBIE KPYXKOYKHU COCJIUHEHBI OoTpe3kamu. Tpedyercs
paccTaBuTh B Kpy2KOUKax 4uciaa oT 1 70 n (6e3 moBTOpeHuii) Tak, 9ToObl BBIIOJHSIOCH CBOHCTBO: €CIIH
KPY?KOUKH COEJIMHEHBI OTPE3KAMU, TO CTOSIIME B HUX YUCJA JOJKHBI ObITh B3AUMHO MPOCTHI (TO €CTh He
UMEeTb ODOIIUX HATYPAJIbHBIX JIeJiuTesieli, OTndHbX oT 1). MoKHO Jin 9T0 ¢jie/1aTh B KazKJIOM U3 CJIEJIYIOIINX
ciaydaeB? Ecim MOXKHO — ONUITATE PACCTAHOBKY YUHUCENI, €CJIN HET — OObSICHUTE, MOYeMY HeJIb3sl.

B) n = 2022: no kpyry croar 2021 KpyzKOYKOB, U €Ile OJUH B HEHTDE

2. Hazosem xackadom, nopostcdermvim wucrom v, HaOop u3 12 HATYpaJIbHBIX Yuces: 1, 2r, ..., 127,

a) Moxer jm Kakas-To mapa 4ucen (a,b) comepKarbcs B IIECTH PA3IMIHbIX Kackauax! Ecim ma —
[IPUBEIUTE IPUMEP TAKUX THCEJI, €CJIU HeT — OObSCHUTE, II0YeMy HE MOXKET.

6) BepHo i, 9T0 MHOYKECTBO HATYPAJIBHBIX YHCET MOKHO DACKPACUTH B 12 IIBETOB TaK, YTO B KAXKJIOM
KacKaJie BCe 9JIEMEHTHI Oy/IyT Pa3HOro IBeTa’

3. B mpeyromwsuuke ABC Touka D — cepemnna cropoubt AB, E — cepemuna cropoust AC, F' — cepenna
ouccekrpucol AL, npuyem DF = 1, EF = 2. Ha mockocru nzobpazkensl Toukn D, E, F' tak, 910 mpsiMast
DF ropusoHTa/ibHa, 8 OCTAJIbHBIE 3JIEMEHTHI YepTezka cTepThbl. MOXKHO JI BOCCTAHOBUTD ITOJIOZKEHUE XOTSI
ObI OJHOI M3 BEPIIUH TPEYIroJIbHUKA, €CIM U3BECTHO, YTO BepIilnHa A HaxoauIach CBepxy OT npsimoit DF'?

4. Topox umeer GopMy KJIETYATOro HPAMOYTOIbHUKA D X 10 KJIEeTOK: JIMHUKM — YJIMIbI, KJI€TKA — YKU-
JIble KBapTaJjbl. PaccrosiHne MexK/ly MepeKpecTKaMu M3MEPSieTCs KakK JJINHA CAMOIO KOPOTKOI'O ITyTH IO
YJIUIAM TOPOJia, IMPOXOJISINEro OT OJHOIO IepeKpecTKa Jio Japyroro. Hampumep, s nepekpectkos A, B
n C nma kaptuake AB = 5, AC = 10, BC = 9. Mo:XHO i1 OTMETUTH B 9TOM Iopojie k IEPEKPECTKOB
TaK, 9TOOBI BCE PACCTOSTHUS MEXK/Ly STHMU II€PEKPECTKAMU OKa3a/IiuCh pa3IndHbIMu dncaamu’! Ecaum mpa —
YKayKUTe 9TU MePEeKPecTKu (HarpuMep, nepekpectok C' HAXOJAUTCs HA TepecedeHnn 11-it BepTUKAIBHOl 1
6-if TOPU3OHTAJIBHON YJIHIB), €CH HET — OObSICHUTE, TIOUYeMYy HeJTb3sl.
Pemmure zagaay jis

a) k=05; 6) k = 6; B) k=T.
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Pemennsi. 1. a) Moxno: B nienTpe craBum 1, a 1o Kpyry craBum moapsiy 2, 3, 4, 5, 6, 7. OgeBuno,
YUCI0 B MEHTPE B3AWMHO IMIPOCTO C OCTAJBHBIMHU. A BJIOJIb KpyTa PsJIOM CTOST JIMOO COCEIHWE HHCIIa,
KOTOPBIE B3aUMHO MPOCTHI, JIUOO 2 U 7 — W OHU TOXKE B3AUMHO MPOCTHI.

6) Hempast. TlockombKy KaxKoe BepXHEe YHCJIO COEMHEHO ¢ KazKJbIM HUZKHHUM, BCE YeTHbIE IHUC/Ia —
2,4,6,8, 10 — 10/2KHBI CTOSITh B HUXKHEM Psiay. lorma ducia 3 u 9 ToxKe JI0JKHBI ObITh B HUXKHEM PsILY,
ITOCKOJIbKY OHHU He coeuHeHbl ¢ 6. Takum oOpaszoM, B BepxHeM psiay oKaKyTcst uucia 1, b u 7. Ho B sTom
caydae 5 n 10 Oyj1yT coeiuHenbl OTPE3KOM, 9TO HEBO3MOYKHO.

B) Hesbzsa. OueBnino, B 1IeHTPE JIOJKHO CTOSATH HedeTHoe 1ncsio. Ho Torma mo kpyry crout 2021 wucio,
3 KoTopbix 1011 geTHBIX. 3HAYNT, JIBA YETHBIX UNUCIA OKAXKYTCSI PAJIOM.

2. a) Moxer. Ilycts a < b, Torga a/b — npasuibHas Apobb co 3HaMeHaTesieM He 6osbie 12. Herpymto
noo6paTh 6 paBHBIX Jpobeil co 3nameHaTeassMu He 6osbine 12: 1/2 =2/4 =3/6 = --- = 6/12. Kaxnag
Takas Jpodb 33J1a€T MeCTa Mapbl Yucesl a, b B Kackajie: HanpuMep, 3/6 cooTBeTCTBYeT KacKaJly, rje a = 3z,
b = 6x. Yrobbl cyIliecTBOBaJIM TaKhe KaCKabl, HEOOXOJIMMO, UTOOBI @ JeIMJIOCh Ha [ducjia or 1 mgo 6.
[Tonaxomgar, nanpumep a = 60, b = 120. Tpebyemble Kacka bl nmopoxpaorcd guciaamu r = 60, 30, 20, 15,
12, 10.

6) la. Bamagum packpacky CJIEIAYIONUM 00pa30M. 3alldIieM KaxKJ0e HATYPAJbHOE YHCIO 1 B BHUJIE
n = 13°m, tme m ue pmemurcs wa 13. Ilycrs r(m) obosmauaer ocrarok or jesenust m Ha 13. Byumem
CYATATH, 9TO 7'(M) — 9TO HOMEp IIBETa, B KOTOPBIN MOKPAIeHO 4ucyio n. [IocKoJIbKY HysieBOil 0CcTaToK B
9TON KOHCTPYKITUH TIOJTyIUTHCsT HE MOYKET, MbI OIS packpacky B 12 mBeros. Ocraaoch 3aMeTUTh,
9TO €CJIM 9uCyio T = 13°m HOopoXKAaeT KacKaJl, TO IpH JeJICHUH Ha 13 4yucjia U3 KacKaJa JIaloT TaKhe >Ke
OCTATKH, KaK W 9ucjaa m, 2m, ..., 12m. Tak KaK 4ucjao m mMeeT HEHYJIEBOW OCTATOK, BCE 9TH OCTATKHU
paz3/IngHbI 110 MO/YJ/II0 13.

3. Henp3sa. 3amerum, 9To ecjim Mbl yKaxkeMm TOUKy A, s koropoit ZDAF = ZFAE, 10 OTJIOXKUB Ha
ayae AD orpesok AB = 2AF, a na ayde AE orpesok AC = 2AFE, mbl noayanMm Tpeyroibank ABC),
YJIOBJIETBOpSIOMuUil yeaosuio 3ajaqdu. [Ipu srom mosoxkenune Bepiua B u C' 0JJHO3HAYHO OIPE/IEIACTCS
TOJIOYKEHNEM BepITUHBI A.

[TosTomy mocTaTOYHO TOKa3aTh, YTO BepmimHa A MOXKeT ObITh BhIOpaHa A
HeosHo3HauHo. OrinoxkuM or Touku F orpesok F'D', pasubiii F'D, B npous-
BOJIBHOM «CEBEPO-BOCTOYHOM» Hampas/exun. Obo3naunm yepe3 A Touky mepe-
ceyenus nupsimoit £ D’ ¢ 6uccekrpucoii yria DF D'. Torpa rpeyrosibauku DEF A
u D'F A paBHbI 110 IByM CTOpOHaM u yrity, otkyaa ZDAF = /FAD' = /FAE,
9TO HAM U TpebOBaJIOCh. ZICHO, YTO NpU pa3HBIX MOJIOXKEHUAX orpe3ka F'D’ Oy- "
JIyT TOJIy9aTbCsl PA3HbIEe MOJIOYKEeHUsT TOUYKN A.

D/

4. a) Moxmno. Ilocrponm Tpebyemyio korburyparmo. YJI06HO BBIONPATH MEPEKPECTKE JTMOO TOJBKO Ha
caMOil HMZKHeii, JIMOO TOJILKO Ha CaMOM IPaBOil YJIMIE — TOIA MEXKY HUMH JIErKO CIUTATh PACCTOSTHMSA,
JIBUTASICH 110 3TUM yauiaMm. Ha npusenennoit ke kaptuake 1 = AB, 2 = DFE, 3= BC, 4= AC,9 = CD,
11=CE, 12 =BD, 13 = AD, 14 = BE, 15 = AE.
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6) Moxkno. Tpebyemyro korburyparmo nocrpouts Tpyiano. 3iecs 1 = AB, 2 = DFE, 3 = BC,4 = AC,
5=CF,6=BF,7=AF,8=FF,9=CD,10= DF, 11 = CFE, 12 = BD, 13 = AD, 14 = BE,
15 = AFE.
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B) Hesb3st. B Harem ropojie Bce paccrosiamsi MexKJy nepekpectkamu — resible ancia. Camoe 60J1bImoe
U3 HUX — 9TO PACCTOSTHUE MEYK/TY ITepeKpecTKaMM, HAXOIATMMUCS B TPOTUBOIIOIOXKHBIX yTJIaX TOPOa, OHO
paBHO 15. Ho cemb mepekpecTKOB onpeedoT 21 monapHoe paccTosiHUE, TOITOMY CPeJI HUX 00g3aTeTbHO

BCTPETATCA OJNHaAKOBDBIC.
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