
�«¨¬¯¨ ¤  èª®«ì¨ª®¢ �Ǒ¡�� ¯® ¬ â¥¬ â¨ª¥.� ª«îç¨â¥«ìë© íâ ¯. 2018/2019 ãç¥¡ë© £®¤. 10 { 11 ª« ááë.� à¨ â 11. �¬¥¥âáï 8 ç¥àëå « ¤¥© ¨ n ¡¥«ëå. Ǒà¨ ª ª®¬  ¨¡®«ìè¥¬ n ¨å ¬®�® à ááâ ¢¨âì   è å-¬ â®© ¤®áª¥ â ª, çâ®¡ë ®¤®æ¢¥âë¥ « ¤ì¨ ¥ ¡¨«¨ ¤àã£ ¤àã£ ? � ¤ìï ¥ ¡ì¥â  áª¢®§ì ç¥à¥§¤àã£ãî ä¨£ãàã.�â¢¥â: 16.�¥è¥¨¥. Ǒãáâì ¢ i-© áâà®ª¥ ¤®áª¨ áâ®¨â ni ç¥àëå « ¤¥©. �®£¤  ¢ íâ®© áâà®ª¥ ¬®�® à á¯®-«®�¨âì ¥ ¡®«¥¥ ni + 1 ¡¥«ëå « ¤¥©, ¥ ¡ìîé¨å ¤àã£ ¤àã£ . Ǒ®íâ®¬ã
n 6 (n1 + 1) + (n2 + 1) + . . .+ (n8 + 1) = (n1 + . . .+ n8) + 8 = 8 + 8 = 16.� ááâ ®¢ª  ¤«ï 16 ¡¥«ëå « ¤¥© ¯®ª §     à¨áãª¥. �ZRZ Z ZZRsRZ ZRsRsRZ ZZRsRsRZZRsRsRZZ ZRsRZZ ZRZ ZZ Z Z ZR2. � ë ¯®«®�¨â¥«ìë¥ ç¨á«  x, y, z. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï

A = xyz (x+ y + z)
√(xy)4 + (yz)4 + (xz)4 .�â¢¥â: √3.�¥è¥¨¥. �«ï ®æ¥ª¨ ç¨á«¨â¥«ï A ¢®á¯®«ì§ã¥¬áï ¥à ¢¥áâ¢®¬ �®è¨ ¤«ï áà¥¤¨å:

xy · xz + xy · yz + xz · yz 6
(xy)2 + (xz)22 + (xy)2 + (yz)22 + (xz)2 + (yz)22 = (xy)2 + (yz)2 + (xz)2.�á¯®«ì§ãï ¥à ¢¥áâ¢® ((xy)2 + (yz)2 + (xz)2)2 6 3((xy)4 + (yz)4 + (xz)4), ¬ë ¯®«ãç¨¬

A2
6

3 ((xy)4 + (yz)4 + (xz)4)(xy)4 + (yz)4 + (xz)4 = 3 ¨ A 6
√3.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z. �3. �  âà¥ã£®«ì¨ª ABC á ¬¥ìè¥© áâ®à®®© AB. �  áâ®à® å AB ¨ AC ¢ë¡à ë á®®â¢¥â-áâ¢¥® â®çª¨ X ¨ Y â ª, çâ® BX = CY . Ǒ®¤ ª ª¨¬ ã£«®¬ ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ æ¥âàë®¯¨á ëå ®ªàã�®áâ¥© âà¥ã£®«ì¨ª®¢ ABC ¨ AXY , ¯¥à¥á¥ª ¥â ¯àï¬ãî BC, ¥á«¨ ∠ABC = β¨ ∠BCA = γ?�â¢¥â: 90◦ + γ−β2 .�¥è¥¨¥. Ǒãáâì ω ¨ ω1 | ®¯¨á ë¥ ®ªàã�®áâ¨ âà¥ã£®«ì¨ª®¢ ABC ¨ AXY , O ¨ O1 | ¨åæ¥âàë, Z | ®â«¨ç ï ®â A â®çª  ¯¥à¥á¥ç¥¨ï ω ¨ ω1. � ¬¥â¨¬, çâ® ∠ABZ = ∠ACZ ¯®áª®«ìªã íâ¨ã£«ë ¢¯¨á ë ¢ ω ¨ ®¯¨à îâáï   ®¡éãî ¤ã£ã. � «®£¨ç® ¯à®¢¥àï¥âáï à ¢¥áâ¢® ∠AXZ = ∠AY Z.



Ǒ®íâ®¬ã △XBZ = △Y CZ, ®âªã¤  BZ = CZ. �®£¤  à ¢ë ¨ ¤ã£¨ ®ªàã�®áâ¨ ω, áâï£¨¢ ¥¬ë¥å®à¤ ¬¨ BZ ¨ CZ. �«¥¤®¢ â¥«ì®,
⌣

BAZ = ⌣

ZC = 12 ⌣

BAC = 12 (2β + 2γ) = β + γ, ®âªã¤  ∠BAZ = 180◦ − 12 (β + γ).�âà¥§®ª AZ ï¢«ï¥âáï ®¡é¥© å®à¤®© ®ªàã�®áâ¥© ω ¨ ω1. � ç¨â, O ¨ O1 «¥� â   á¥à¥¤¨®¬¯¥à¯¥¤¨ªã«ïà¥ ª AZ ¨, ¢ ç áâ®áâ¨, AZ ⊥ OO1. Ǒ®áª®«ìªã ∠ABC = β ¨ ∠BAZ = 180◦ − β+γ2 ,ã£®« ¬¥�¤ã ¯àï¬ë¬¨ OO1 ¨ BC ¡ã¤¥â à ¢¥360◦ − ∠ABC − ∠BAZ − 90◦ = 270◦ − β −
(180◦ − 12 (β + γ)) = 90◦ + 12 (γ − β). �
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4. �¥áïâ¨ç ï § ¯¨áì ª¢ ¤à â   âãà «ì®£® ç¨á«  x ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢  ®¤¨ ª®¢ëå á®á¥¤-¨å ¡«®ª  ¨§ n æ¨äà. �®�¥â «¨ n à ¢ïâìáï 20182019?�â¢¥â: � .�¥è¥¨¥. �¨á«® x2 ¤®«�® ¨¬¥âì ¢¨¤ (10n + 1) a, £¤¥ a | ¥ª®â®à®¥ n-§ ç®¥ ç¨á«®. �«ï¥ç¥âëå n ¯® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨10n + 1 = (10 + 1)b = 11b, £¤¥ b = 1− 10 + 102 − . . .+ 10n−1.� ¬¥â¨¬, çâ® 10kmod 11 = (−1)k ¤«ï ¥®âà¨æ â¥«ìëå æ¥«ëå k, ®âªã¤  bmod 11 = nmod 11.� ç¨â, (10n + 1) ... 121 ¤«ï ¥ç¥âëå n, ªà âëå 11, ¨, ¢ ç áâ®áâ¨, ¤«ï n = 20182019. Ǒ®«®�¨¬
x = 1011 (10n + 1), a = 100121 (10n + 1).Ǒ® ¤®ª § ®¬ã ç¨á«  a ¨ x  âãà «ìë¥. �â¬¥â¨¬ ¤¢  ¯à®áâëå ä ªâ .1) a < 10n. �¥©áâ¢¨â¥«ì®,

a <
100 (10n + 10n−1)121 = 100 · 10n−1 · 11121 = 1011 · 10n < 10n.2) a > 10n−1, ¯®áª®«ìªã a >

10n + 110 > 10n−1.�§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ç¨á«® a ï¢«ï¥âáï n-§ çë¬. �à®¬¥ â®£®,
x2 = 100121 (10n + 1)2 = 100121 (10n + 1) · (10n + 1) = (10n + 1) a.Ǒ®íâ®¬ã ç¨á«® x ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �



5. �  ®¤®ªàã£®¢®© âãà¨à ¯®  áâ®«ì®¬ã â¥¨áã ¯®¤ «® § ï¢ªã 16 ç¥«®¢¥ª. �®£¤  ¡ë«® áë£à -® n ¬ âç¥©, ®ª § «®áì, çâ® áà¥¤¨ «î¡ëå âà¥å â¥¨á¨áâ®¢  ©¤ãâáï ¤¢®¥, ã�¥ áë£à ¢è¨å¬¥�¤ã á®¡®©. Ǒà¨ ª ª®¬  ¨¬¥ìè¥¬ n â ª®¥ ¢®§¬®�®?�â¢¥â: 56.�¥è¥¨¥. Ǒãáâì â¥¨á¨áâ A ¯à®¢¥« à®¢® k ¬ âç¥©,   ¢á¥ ®áâ «ìë¥ ãç áâ¨ª¨ | ¥ ¬¥¥¥ k¬ âç¥©. � §®¡ì¥¬ â¥¨á¨áâ®¢   ¤¢¥ £àã¯¯ë: ¢ ¯¥à¢®© | á ¬ A ¨ â¥, á ª¥¬ ® áë£à «, ¢® ¢â®à®© |â¥, á ª¥¬ A ¥ ¨£à «. Ǒ¥à¢ ï £àã¯¯  á®¤¥à�¨â k + 1 ç¥«®¢¥ª, ¨ ª �¤ë© ¨§ ¨å ¯à®¢¥« ¥ ¬¥¥¥
k ¨£à. �®£¤  ãç áâ¨ª¨ ¨§ íâ®© £àã¯¯ë ¯à®¢¥«¨ ¥ ¬¥¥¥ 12 k(k + 1) ¬ âç¥© (¢ áã¬¬¥ ª �¤ ï ¨£à ãç¨âë¢ ¥âáï ¥ ¡®«¥¥ ¤¢ãå à §). �® ¢â®àãî £àã¯¯ã ¢å®¤¨â 15− k ç¥«®¢¥ª. Ǒ®áª®«ìªã ¨ ®¤¨ ¨§¨å ¥ ¨£à « á A, ®¨ ¢á¥ ¤®«�ë ¡ë«¨ áë£à âì ¤àã£ á ¤àã£®¬, â® ¥áâì ¯à®¢¥áâ¨ ¯® ªà ©¥© ¬¥à¥12 (15− k)(14− k) ¬ âç¥©. Ǒ®íâ®¬ã ®¡é¥¥ ç¨á«® ¨£à ¥ ¬¥ìè¥, ç¥¬12 k(k + 1) + 12 (15− k)(14− k) = k2 − 14k + 105 = (k − 7)2 + 56 > 56.� ª¨¬ ®¡à §®¬, n < 56  ¬ ¥ ¯®¤å®¤¨â.Ǒ®ª �¥¬ â¥¯¥àì, çâ® n = 56 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. � §®¡ì¥¬ â¥¨á¨áâ®¢   ¤¢¥ £àã¯¯ë¯® 8 ç¥«®¢¥ª, ¨ ¯ãáâì ¢ ®¡¥¨å £àã¯¯ å ¢á¥ ãç áâ¨ª¨ áë£à îâ ¤àã£ á ¤àã£®¬. � áã¬¬¥ ¯®«ãç¨âáïà®¢® 56 ¬ âç¥©. �à¥¤¨ «î¡ëå âà¥å â¥¨á¨áâ®¢  ©¤ãâáï ¤¢®¥ ¨§ ®¤®© £àã¯¯ë, ¨, § ç¨â, ®¨ã�¥ áë£à «¨ ¬¥�¤ã á®¡®©. �6. �à¨ ª®ãá  á ®¡é¥© ¢¥àè¨®©, ª á îé¨åáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¨¬¥îâ ¢ëá®âã 2 ¨à ¤¨ãá ®á®¢ ¨ï √3. �¢  è à  ª á îâáï ¢¥è¨¬ ®¡à §®¬ ¤àã£ ¤àã£  ¨ ¢á¥å ª®ãá®¢. � ©¤¨â¥®â®è¥¨ï à ¤¨ãá®¢ è à®¢ (¡®«ìè¥£® ª ¬¥ìè¥¬ã).�â¢¥â: 4 : 3.
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rβ�¥è¥¨¥. Ǒãáâì O | ®¡é ï ¢¥àè¨  ª®ãá®¢, 2α | ¨å ã£®« ¯à¨ ¢¥àè¨¥, P ¨ Q | æ¥âàë¬¥ìè¥£® ¨ ¡®«ìè¥£® è à®¢, r ¨ R | ¨å à ¤¨ãáë. � ¬¥â¨¬, çâ® â®çª  X ª á ¨ï ¬¥ìè¥£® è à  á®¤¨¬ ¨§ ª®ãá®¢ «¥�¨â ¢ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ P ¨ ®áì á¨¬¬¥âà¨¨ íâ®£® ª®ãá . Ǒ®«®�¨¬
β = ∠XOP . �â®â ã£®« ®¤¨ ª®¢ ¤«ï ¢á¥å ª®ãá®¢, ¯®áª®«ìªã sinβ = r

OP
. � ç¨â, «ãç OP ®¡à §ã¥âã£®« α + β á ®áï¬¨ á¨¬¬¥âà¨¨ ¢á¥å ª®ãá®¢. � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®   íâ®¬ «ãç¥ «¥�¨â ¨â®çª  Q.�â«®�¨¬   ®áïå á¨¬¬¥âà¨¨ ª®ãá®¢ ®âà¥§ª¨ OA, OB, OC ¥¤¨¨ç®© ¤«¨ë. �®£¤  OABC |¯à ¢¨«ì ï ¯¨à ¬¨¤  á ¯«®áª¨¬¨ ã£« ¬¨ 2α ¯à¨ ¢¥àè¨¥ O. Ǒãáâì D | æ¥âà âà¥ã£®«ì¨ª  ABC.�®çª¨ P ¨ Q «¥� â   «ãç¥ OD. Ǒ® ãá«®¢¨î tgα = √32 . Ǒ®íâ®¬ãsin(α+ β) = sin∠AOD = AD

OA
= AD = AB√3 = 2 sinα√3 = osα = sin(π2 − α

)
.Ǒ®áª®«ìªã α, β < π2 , ¬ë ¯®«ãç¨¬ α+ β = π2 − α, ®âªã¤  β = π2 − 2α ¨tgβ = tg 2α = 2 tgα1− tg2 α = 4√3 =⇒ sinβ = 1

√tg2 β + 1 = 17 .



Ǒ®«®�¨¬ t = R
r
. �®£¤ 

R− r = (R+ r) sin β ⇐⇒ t− 1 = 17 (t+ 1) ⇐⇒ t = 43 . �



� à¨ â 21. �¬¥¥âáï 9 ç¥àëå « ¤¥© ¨ n ¡¥«ëå. Ǒà¨ ª ª®¬  ¨¡®«ìè¥¬ n ¨å ¬®�® à ááâ ¢¨âì   è å-¬ â®© ¤®áª¥ â ª, çâ®¡ë ®¤®æ¢¥âë¥ « ¤ì¨ ¥ ¡¨«¨ ¤àã£ ¤àã£ ? � ¤ìï ¥ ¡ì¥â  áª¢®§ì ç¥à¥§¤àã£ãî ä¨£ãàã.�â¢¥â: 17.�¥è¥¨¥. Ǒãáâì ¢ i-© áâà®ª¥ ¤®áª¨ áâ®¨â ni ç¥àëå « ¤¥©. �®£¤  ¢ íâ®© áâà®ª¥ ¬®�® à á¯®-«®�¨âì ¥ ¡®«¥¥ ni + 1 ¡¥«ëå « ¤¥©, ¥ ¡ìîé¨å ¤àã£ ¤àã£ . Ǒ®íâ®¬ã
n 6 (n1 + 1) + (n2 + 1) + . . .+ (n8 + 1) = (n1 + . . .+ n8) + 8 = 9 + 8 = 17.�®§¬®�ë¥ à ááâ ®¢ª¨ ¤«ï 17 ¡¥«ëå « ¤¥© ¯®ª § ë   à¨áãª¥. �Z S Z ZZ SrS ZSrSrS ZSrSrSrSSrSrS ZZ SrS ZZ S Z ZZ Z Z ZR

ZRZ Z ZZRsRZ ZRsRsRZ ZZRsRsRZZRsRsRZZ ZRsRsRZ ZRZ ZZ Z Z S2. � ë ¯®«®�¨â¥«ìë¥ ç¨á«  x, y, z. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = xyz (x+ y + z)

x4 + y4 + z4 .�â¢¥â: 1.�¥è¥¨¥. �«ï ®æ¥ª¨ ç¨á«¨â¥«ï A ¢®á¯®«ì§ã¥¬áï ¥à ¢¥áâ¢®¬ �®è¨ ¤«ï áà¥¤¨å:
xy · xz + xy · yz + xz · yz 6

(xy)2 + (xz)22 + (xy)2 + (yz)22 + (xz)2 + (yz)22 = (xy)2 + (yz)2 + (xz)2.�á¯®«ì§ãï ¥à ¢¥áâ¢® x4 + y4 + z4 > x2y2 + y2z2 + x2z2, ¬ë ¯®«ãç¨¬
A 6

(xy)2 + (yz)2 + (xz)2(xy)2 + (yz)2 + (xz)2 = 1.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z. �3. �ªàã�®áâì ω ¥¤¨¨ç®£® à ¤¨ãá  ¯à®å®¤¨â ç¥à¥§ ¢¥àè¨ë B ¨ C âà¥ã£®«ì¨ª  ABC ¨ ¢â®-à¨ç® ¯¥à¥á¥ª ¥â ¥£® áâ®à®ë AB ¨ AC ¢ â®çª å K ¨ L á®®â¢¥âáâ¢¥®. �  «ãç å BL ¨
CK ®â¬¥ç¥ë á®®â¢¥âáâ¢¥® â ª¨¥ â®çª¨ P ¨ Q, çâ® BP = AC ¨ CQ = AB. � ©¤¨â¥à ááâ®ï¨¥ ¬¥�¤ã æ¥âà ¬¨ ®¯¨á ëå ®ªàã�®áâ¥© âà¥ã£®«ì¨ª®¢ APQ ¨ KBC.�â¢¥â: 1.
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�¥è¥¨¥. Ǒãáâì O | æ¥âà ω, M | á¥à¥¤¨  ¤ã£¨ BKC. �®à¤ë BM ¨ CM áâï£¨¢ îâ ®¤¨ -ª®¢ë¥ ¤ã£¨ ¨ ¯®â®¬ã à ¢ë. �à®¬¥ â®£®, CQ = AB ¯® ãá«®¢¨î ¨ ∠ABM = ∠QCM ª ª ¢¯¨á ë¥ã£«ë, ®¯¨à îé¨¥áï   ®¤ã ¤ã£ã. �®£¤  △ABM = △QCM , ®âªã¤  AM = QM . � «®£¨çë¬®¡à §®¬ ¯à®¢¥àï¥âáï, çâ® △ACM = △PBM ¨, § ç¨â, AM = PM . � ª¨¬ ®¡à §®¬, â®çª  M à ¢-®ã¤ «¥  ®â A,P,Q, â® ¥áâì ®  ï¢«ï¥âáï æ¥âà®¬ ®¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª  APQ. � ªª ª âà¥ã£®«ì¨ªKBC ¢¯¨á  ¢ ω,  ¬ âà¥¡ã¥âáï  ©â¨ à ááâ®ï¨¥ OM . Ǒ®áª®«ìªã â®çª M «¥�¨â  ω, ®âà¥§®ª OM | à ¤¨ãá ω, ®âªã¤  OM = 1. �4. �¥áâ ¤æ â¨à¨ç ï § ¯¨áì ª¢ ¤à â   âãà «ì®£® ç¨á«  x ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢  ®¤¨ ª®-¢ëå á®á¥¤¨å ¡«®ª  ¨§ n æ¨äà. �®�¥â «¨ n à ¢ïâìáï 2023?�â¢¥â: � .�¥è¥¨¥. �¨á«® x2 ¤®«�® ¨¬¥âì ¢¨¤ (16n + 1) a, £¤¥ a | ¥ª®â®à®¥ n-§ ç®¥ ç¨á«®. �«ï¥ç¥âëå n ¯® ä®à¬ã«¥ ¤«ï áã¬¬ë £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨16n + 1 = (16 + 1)b = 17b, £¤¥ b = 1− 16 + 162 − . . .+ 16n−1.� ¬¥â¨¬, çâ® 16kmod 17 = (−1)k ¤«ï ¥®âà¨æ â¥«ìëå æ¥«ëå k, ®âªã¤  bmod 17 = nmod 17.� ç¨â, (16n + 1) ... 289 ¤«ï ¥ç¥âëå n, ªà âëå 17, ¨, ¢ ç áâ®áâ¨, ¤«ï n = 2023. Ǒ®«®�¨¬
x = 1617 (16n + 1), a = 256289 (16n + 1).Ǒ® ¤®ª § ®¬ã ç¨á«  a ¨ x  âãà «ìë¥. �â¬¥â¨¬ ¤¢  ¯à®áâëå ä ªâ .1) a < 16n. �¥©áâ¢¨â¥«ì®,

a <
256 (16n + 16n−1)289 = 256 · 16n−1 · 17289 = 1617 · 16n < 16n.2) a > 16n−1, ¯®áª®«ìªã a >

16n + 116 > 16n−1.�§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® ç¨á«® a ï¢«ï¥âáï n-§ çë¬. �à®¬¥ â®£®,
x2 = 256289 (16n + 1)2 = 256289 (16n + 1) · (16n + 1) = (16n + 1) a.Ǒ®íâ®¬ã ç¨á«® x ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ãç áâ¢ã¥â 2k á¯®àâá¬¥®¢. � ª �¤®¬ âãà¥¢á¥ ãç áâ¨ª¨ ¯à®¢®¤ïâ ¯® ®¤®¬ã ¬ âçã. � ª®¥  ¨¬¥ìè¥¥ ç¨á«® âãà®¢  ¤® áë£à âì, çâ®¡ë¯à¨ «î¡®¬ à á¯¨á ¨¨ ¨£à ®¡ï§ â¥«ì®  è«®áì âà®¥ â¥¨á¨áâ®¢, áë£à ¢è¨å ¤àã£ á ¤àã£®¬?�â¢¥â: k + 1.�¥è¥¨¥. Ǒ®ª �¥¬, çâ® k + 1 âãà®¢ ¤®áâ â®ç®. Ǒãáâì â¥¨á¨áâë A ¨ B áë£à «¨ ¬¥�¤ãá®¡®© ¢ ¯¥à¢®¬ âãà¥. � á«¥¤ãîé¨å k âãà å ®¨ ¨£à «¨ á ª¥¬-â® ¨§ ®áâ «ìëå 2k − 2 ãç áâ¨ª®¢¨ ¯à®¢¥«¨ ¢ ®¡é¥© á«®�®áâ¨ 2k ¬ âç¥©. � ç¨â,  ©¤¥âáï â¥¨á¨áâ C, áë£à ¢è¨© ¨ á A, ¨ á B.�®£¤  âà®©ª  {A,B,C} ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.Ǒ®ª �¥¬ â¥¯¥àì, çâ® k âãà®¢ ¥ å¢ â¨â. � §®¡ì¥¬ ¢á¥å ãç áâ¨ª®¢   ¤¢¥ £àã¯¯ë ¯® k ç¥«®¢¥ª.Ǒãáâì ª �¤ë© â¥¨á¨áâ áë£à « á® ¢á¥¬¨ á®¯¥à¨ª ¬¨ ¨§ ¤àã£®© £àã¯¯ë,   á â¥¨á¨áâ ¬¨ ¨§á¢®¥© £àã¯¯ë ¥ ¨£à «. �à¥¤¨ «î¡ëå âà¥å ãç áâ¨ª®¢  ©¤ãâáï ¤¢®¥ ¨§ ®¤®© £àã¯¯ë, ¨, § ç¨â,®¨ ¥é¥ ¥ ¨£à «¨ ¬¥�¤ã á®¡®©. �6. �¬¥¥âáï âà¨ ®¤¨ ª®¢ëå ª®ãá  á ®¡é¥© ¢¥àè¨®©, ª á îé¨åáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬,  â ª�¥ ¤¢  è à , ª á îé¨åáï ¢¥è¨¬ ®¡à §®¬ ¤àã£ ¤àã£  ¨ ¢á¥å ª®ãá®¢. � ¤¨ãáë è à®¢ ®â-®áïâáï ª ª 1 : 3. � ©¤¨â¥ ã£®« ¯à¨ ¢¥àè¨¥ ª®ãá®¢. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáïã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨).



�â¢¥â: 2π3 .
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rβ�¥è¥¨¥. Ǒãáâì O | ®¡é ï ¢¥àè¨  ª®ãá®¢, 2α | ¨å ã£®« ¯à¨ ¢¥àè¨¥, P ¨ Q | æ¥âàë¬¥ìè¥£® ¨ ¡®«ìè¥£® è à®¢, r ¨ R | ¨å à ¤¨ãáë. � ¬¥â¨¬, çâ® â®çª  X ª á ¨ï ¬¥ìè¥£® è à  á®¤¨¬ ¨§ ª®ãá®¢ «¥�¨â ¢ ¯«®áª®áâ¨, ¯à®å®¤ïé¥© ç¥à¥§ P ¨ ®áì á¨¬¬¥âà¨¨ íâ®£® ª®ãá . Ǒ®«®�¨¬
β = ∠XOP . �â®â ã£®« ®¤¨ ª®¢ ¤«ï ¢á¥å ª®ãá®¢, ¯®áª®«ìªã sinβ = r

OP
. � ç¨â, «ãç OP ®¡à §ã¥âã£®« α + β á ®áï¬¨ á¨¬¬¥âà¨¨ ¢á¥å ª®ãá®¢. � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®   íâ®¬ «ãç¥ «¥�¨â ¨â®çª  Q. Ǒ®«®�¨¬ t = R

r
. �®£¤ 

R− r = (R+ r) sin β ⇐⇒ t− 1 = (t+ 1) sinβ ⇐⇒ sinβ = t− 1
t+ 1 = 12 ⇐⇒ β = π6 .�â«®�¨¬   ®áïå á¨¬¬¥âà¨¨ ª®ãá®¢ ®âà¥§ª¨ OA, OB, OC ¥¤¨¨ç®© ¤«¨ë. Ǒãáâì D | æ¥âàâà¥ã£®«ì¨ª  ABC. �®çª¨ O,P,Q à ¢®ã¤ «¥ë ®â A,B,C ¨, § ç¨â, «¥� â   ¯¥à¯¥¤¨ªã«ïà¥ ª¯«®áª®áâ¨ ABC, ¯à®å®¤ïé¥¬ ç¥à¥§ â®çªã D. �®£¤  ∠AOD = α+ β ¨sin(α+ π6 ) = sin(α + β) = AD

OA
= AD = AB√3 = 2 sinα√3 .Ǒ®íâ®¬ã √32 · sinα+ 12 · osα = 2√3 · sinα ⇐⇒ tgα = √3⇐⇒ 2α = 2π3 . �



� à¨ â 31. Ǒà¨ ª ª®¬  ¨¡®«ìè¥¬ n   è å¬ â®© ¤®áª¥ ¬®�® à ááâ ¢¨âì n ª®à®«¥© ¨ n « ¤¥© â ª,çâ®¡ë ¨ª ª ï ä¨£ãà  ¥ ¡ë«  ¯®¤ ¡®¥¬?�â¢¥â: 5.�¥è¥¨¥. �®à®«¨ ¬®£ãâ áâ®ïâì â®«ìª® ¢ ª«¥âª å   ¯¥à¥á¥ç¥¨¨ £®à¨§®â «¨ ¨ ¢¥àâ¨ª «¨,á¢®¡®¤ëå ®â « ¤¥©. � ª¨å ª«¥â®ª ¢á¥£® (8− n)2. Ǒ®áª®«ìªã   ¤®áª¥ ¤®«�® ¡ëâì n ª®à®«¥©, ¬ë¯®«ãç ¥¬ ¥à ¢¥áâ¢® (8 − n)2 > n, ¨§ ª®â®à®£® n 6 5. Ǒà¨¬¥à à ááâ ®¢ª¨ 5 ª®à®«¥© ¨ 5 « ¤¥©¯®ª §    à¨áãª¥. � kZkZkZ ZZ Z Z ZrkZkZ Z ZZ Z Z sZ Z s ZZ Z Z ZZ s Z ZZrZ Z Z2. � ë ç¨á«  x, y > 0. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = xy (x+ y)

√

x6 + y6 .�â¢¥â: √2.�¥è¥¨¥. � ¬¥â¨¬, çâ® x6 + y6 > 12(x3 + y3)2. Ǒ®íâ®¬ã
A 6

xy (x+ y)√2
x3 + y3 = xy

√2
x2 − xy + y2 = √2

x
y
+ y

x
− 1 6

√2.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y. �3. �  ®áâàë© ã£®« BAD, £¤¥ â®çª  D ®â«¨ç  ®â A. �  «ãç¥ AB ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¢ë-¡¨à ¥âáï â®çª  X, â ª�¥ ®â«¨ç ï ®â A. Ǒãáâì P | â®çª  ¯¥à¥á¥ç¥¨ï ª á â¥«ìëå ª®¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª  ADX, ¯à®¢¥¤¥ëå ¢ â®çª å D ¨ X. � ©¤¨â¥ £¥®¬¥â-à¨ç¥áª®¥ ¬¥áâ® â®ç¥ª P .�â¢¥â: «ãç, á® ¯à ¢«¥ë© á «ãç®¬ AD,  ç¨ îé¨©áï ¢ â®çª¥ ¯¥à¥á¥ç¥¨ï AB ¨ á¥à¥¤¨®£®¯¥à¯¥¤¨ªã«ïà  ª ®âà¥§ªã AD.
A

D

XC

P

A

D

X C

P

�¥è¥¨¥. �¡®§ ç¨¬ ç¥à¥§ C â®çªã ¯¥à¥á¥ç¥¨ï á¥à¥¤¨®£® ¯¥à¯¥¤¨ªã«ïà  ª ®âà¥§ªã AD á«ãç®¬ AB.



Ǒãáâì â®çª  P ¯®áâà®¥  ¯® X ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬. �®ª �¥¬, çâ® ®  «¥�¨â   «ãç¥ á ç «®¬ C, á® ¯à ¢«¥ë¬ á AD. � ¬¥â¨¬, çâ® ã£®« ¬¥�¤ã ª á â¥«ì®© DP ¨ å®à¤®© DX à ¢¥¢¯¨á ®¬ã ã£«ã DAX , ®¯¨à îé¥¬ãáï   ¤ã£ã DX . Ǒ®íâ®¬ã
∠ADC = ∠DAC = ∠PDX = ∠PXD.�®§¬®�ë ¤¢  á«ãç ï.1) �®çª  C «¥�¨â ¬¥�¤ã A ¨ X (á¬. «¥¢ë© à¨áã®ª). �®£¤ 180◦ − ∠DPX = 2∠PDX = 2∠DAC = 180◦ − ∠DCA = ∠DCX.Ǒ®íâ®¬ã ç¥âëà¥åã£®«ì¨ª CDPX ¢¯¨á ë© ¨ ∠PCX = ∠PDX = ∠DAC. � ç¨â, CP ‖ AD.2) �®çª  X «¥�¨â ¬¥�¤ã A ¨ C (á¬. ¯à ¢ë© à¨áã®ª). �®£¤ 

∠DCA = 180◦ − 2∠DAC = 180◦ − 2∠PDX = ∠DPX.Ǒ®íâ®¬ã ç¥âëà¥åã£®«ì¨ª CPDX ¢¯¨á ë©, ®âªã¤  180◦ −∠PCX = ∠PDX = ∠DAC. � ç¨â, ¨¢ íâ®¬ á«ãç ¥ CP ‖ AD.Ǒãáâì â¥¯¥àì â®çª  P «¥�¨â   «ãç¥ á  ç «®¬ C, á® ¯à ¢«¥ë¬ á AD. �ë¡¥à¥¬   «ãç¥ ACâ®çªã X â ª, çâ®¡ë ®  «¥� «  ¢ãâà¨ ã£«  ADP ¨ ∠PDX = ∠DAC. Ǒ®ª �¥¬, çâ® â ª ï â®çª 
X ¯®à®�¤ ¥â P ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬. Ǒãáâì AX > CX . � ª ª ª ∠PCX = ∠DAC = ∠PDX ,ç¥âëà¥åã£®«ì¨ª CDPX ¢¯¨á ë©, ®âªã¤ 

∠PXD = 180◦ − ∠PDX − ∠DPX = 180◦ − ∠CDA− ∠DCA = ∠DAC = ∠PDX.Ǒà®¢¥¤¥¬ ç¥à¥§ â®çª¨ A,D,X ®ªàã�®áâì. �  ª á ¥âáï ¯àï¬®© DP , â ª ª ª ∠PDX = ∠DAC,¨ ¯àï¬®© XP , ¯®áª®«ìªã ∠PXD = ∠PDX . � ç¨â, â®çª  X ¯®à®�¤ ¥â â®çªã P ¢ á®®â¢¥âáâ¢¨¨ áãá«®¢¨¥¬ § ¤ ç¨. �«ãç © AX 6 CX à §¡¨à ¥âáï   «®£¨ç®. �4. � ®  âãà «ì®¥ ç¨á«® x, ¤¥áïâ¨ç ï § ¯¨áì ª®â®à®£® n-§ ç ï ¨ ¥ á®¤¥à�¨â ã«¥©. �¨á« 
x ¨ x2 ¢ ¤¥áïâ¨ç®© á¨áâ¥¬¥ ®¤¨ ª®¢® ç¨â îâáï á«¥¢   ¯à ¢® ¨ á¯à ¢   «¥¢®. � ©¤¨â¥¢á¥ n, ¯à¨ ª®â®àëå â ª®¥ x áãé¥áâ¢ã¥â.�â¢¥â: n ∈ {1, 2, . . . , 9}.�¥è¥¨¥. �á«¨ n 6 9, â®  ¬ ¯®¤å®¤¨â x = 1 . . . 1, ¯®áª®«ìªã1 . . . 12 = 12 . . . (n− 1)n(n− 1) . . . 1.Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® âà¥¡ã¥¬®¥ ç¨á«® x áãé¥áâ¢ã¥â, ¨ § ¯¨è¥¬ ¥£® ¢ ¤¥áïâ¨ç®© á¨áâ¥¬¥:

x = an−1 . . . a0. �§ á¨¬¬¥âà¨¨ ç¨á¥« ak ¢ëâ¥ª ¥â, çâ® x2 = b0 + 10b1 + . . .+ 102n−2b2n−2, £¤¥
bk = a0ak + a1ak−1 + . . .+ aka0, b2n−2−k = bk ¯à¨ k = 0, 1, . . . , n− 1.� ¬ ¤®áâ â®ç® ¯®ª § âì, çâ® bk 6 9 ¤«ï ¢á¥å k = 0, 1, . . . , 2n−2. �¥©áâ¢¨â¥«ì®, ¯® ãá«®¢¨î ak > 1¯à¨ ¢á¥å k = 0, . . . , n− 1, ¨ ¬ë ¯®«ãç¨¬ n 6 bn 6 9. �®ª �¥¬ âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢® ¯® ¨¤ãªæ¨¨.� §  ¨¤ãªæ¨¨. Ǒà®¢¥à¨¬, çâ® a20 6 9. Ǒà¥¤¯®«®�¨¬, çâ® a0 > 3. �®£¤  ¬« ¤è ï æ¨äà  ç¨á« 

x2 à ¢  a20mod 10,   ¥£® áâ àè ï æ¨äà  ¥áâì [
x2 · 101−2n]. � ¬¥â¨¬, çâ®

[
x2102n−1 ] >

[(
a0 · 10n−1)2102n−1 ] = [

a2010] ¨ [
x2102n−1 ] <

x2102n−1 <

((a0 + 1) · 10n−1)2102n−1 = (a0 + 1)210 .�¥á«®�® ã¡¥¤¨âìáï ¢ â®¬, çâ®
a20mod 10 > (a0 + 1)210 ¯à¨ a0 ∈ {4, 5, 6, 7} ¨ a20mod 10 < [

a2010] ¯à¨ a0 ∈ {8, 9}.



� ç¨â, áâ àè ï ¨ ¬« ¤è ï æ¨äàë x2 ¥ á®¢¯ ¤ îâ, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î.�â¬¥â¨¬, çâ® ¯® ¤®ª § ®¬ã ç¨á«® x2 ¡ã¤¥â (2n − 1)-§ çë¬. �¥©áâ¢¨â¥«ì®, x < 4 · 10n−1,¯®íâ®¬ã ¢ (2n− 1)-¬ à §àï¤¥ x2 ¬®�¥â ¡ëâì â®«ìª® 0 ¨«¨ 1. �® ¢â®à®¬ á«ãç ¥ ¬« ¤è ï æ¨äà  x2à ¢  áâ àè¥© (â® ¥áâì 1),   â ª�¥ a20. �® â®£¤  an−1 = a0 = 1 ¨ x2 < 102n−1, çâ® ¥¢®§¬®�®.�¤ãªæ¨®ë© ¯¥à¥å®¤. Ǒãáâì ¥à ¢¥áâ¢® ¤®ª § ® ¤«ï bj ¯à¨ j < k. �®£¤  b0, . . . , bk−1 |¬« ¤è¨¥ æ¨äàë ç¨á«  x2, ¨ ¢ á¨«ã ãá«®¢¨ï bk−1, . . . , b0 | ¥£® áâ àè¨¥ æ¨äàë. Ǒ®íâ®¬ã102n−1−k > x2 − 102n−2b0 − . . .− 102n−1−kbk−1 == x2 − 102n−2b2n−2 − . . .− 102n−1−kb2n−1−k > 102n−2−kb2n−2−k = 102n−2−kbk,®âªã¤  bk < 10. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ¯à¨ï«® ãç áâ¨¥ 35 ç¥«®¢¥ª. Ǒ® ¨â®£ ¬âãà¨à  ®ª § «®áì, çâ® ¥â â ª®© ç¥â¢¥àª¨ ¨£à®ª®¢ A,B,C,D, çâ® A ¢ë¨£à « ã B, B |ã C, C | ã D,   D | ã A. � ª®¢®  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® âà®¥ª ãç áâ¨ª®¢, ®¤¥à� ¢è¨å ¢®¢áâà¥ç å ¬¥�¤ã á®¡®© à®¢® ¯® ®¤®© ¯®¡¥¤¥? �¨çì¨å ¢ â¥¨á¥ ¥ ¡ë¢ ¥â.�â¢¥â: 11.�¥è¥¨¥. � §®¢¥¬ æ¨ª«®¬ â ªãî âà®©ªã ãç áâ¨ª®¢, çâ® ¢® ¢áâà¥ç å ¬¥�¤ã á®¡®© ª �¤ë© ¨§¨å ®¤¥à� « ¯® ®¤®© ¯®¡¥¤¥. �®ª �¥¬ ¢ ç «¥, çâ® ¨ ®¤¨ â¥¨á¨áâ ¥ ¬®�¥â ¢å®¤¨âì ¡®«¥¥ç¥¬ ¢ ®¤¨ æ¨ª«. �®£®¢®à¨¬áï á¨¬¢®«®¬ A → B ®â¬¥ç âì ä ªâ ¯®¡¥¤ë A  ¤ B. Ǒãáâì  è¥«áïãç áâ¨ª C, ä¨£ãà¨àãîé¨© ¢ ¤¢ãå à §ëå æ¨ª« å. �â¨ æ¨ª«ë ¬®£ãâ ¡ëâì ¤¢ãå â¨¯®¢.1) (A,B,C) ¨ (C,D,E). �®£¤  A → D, â ª ª ª ¨ ç¥ A → B → C → D → A, çâ® ¥¢®§¬®�®.�® ¢ íâ®¬ á«ãç ¥ A → D → E → C → A, ç¥£® â ª�¥ ¡ëâì ¥ ¬®�¥â.2) (A,B,C) ¨ (B,C,D). �®£¤  ¢®¢ì A → D. �® ¢ íâ®¬ á«ãç ¥ A → D → B → C → A, çâ® â ª�¥¥¢®§¬®�®. � ª¨¬ ®¡à §®¬, ¢ ¤¢  æ¨ª«  â¥¨á¨áâ C ¢å®¤¨âì ¥ ¬®�¥â.Ǒ® ¤®ª § ®¬ã æ¨ª«ë ¥ ¯¥à¥á¥ª îâáï, ¯®íâ®¬ã ¨å ª®«¨ç¥áâ¢® ¥ ¯à¥¢®áå®¤¨â [ 353 ] = 11. Ǒà¨-¢¥¤¥¬ ¯à¨¬¥à âãà¨à  á 11 æ¨ª« ¬¨. � §®¡ì¥¬ 33 ãç áâ¨ª    £àã¯¯ë ¯® 3 ç¥«®¢¥ª  ¨ § ã¬¥àã¥¬íâ¨ £àã¯¯ë ç¨á« ¬¨ ®â 1 ¤® 11. Ǒãáâì ª �¤ ï £àã¯¯  ®¡à §ã¥â æ¨ª«,   ¢® ¢áâà¥ç¥ â¥¨á¨áâ®¢,¢å®¤ïé¨å ¢ à §ë¥ £àã¯¯ë, ¯®¡¥�¤ ¥â á¯®àâá¬¥ ¨§ £àã¯¯ë á ¡�®«ìè¨¬ ®¬¥à®¬. � ª®¥æ, ®áâ ¢-è¨¥áï ¤¢  ãç áâ¨ª  ¯®¡¥�¤ îâ ¢á¥å ®áâ «ìëå. � ª®© âãà¨à ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨ ¨¨¬¥¥â à®¢® 11 æ¨ª«®¢. �6. �¥âëà¥ ª®ãá  á ®¡é¥© ¢¥àè¨®© ¯®¯ à® ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. Ǒ¥à¢ë¥ ¤¢ ¨ ¯®á«¥¤¨¥ ¤¢  ª®ãá  ¨¬¥îâ ®¤¨ ª®¢ë© ã£®« ¯à¨ ¢¥àè¨¥. � ©¤¨â¥ ¬ ªá¨¬ «ìë© ã£®«¬¥�¤ã ®áï¬¨ á¨¬¬¥âà¨¨ ¯¥à¢®£® ¨ âà¥âì¥£® ª®ãá®¢. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáïã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬ á¥ç¥¨¨).�â¢¥â: π − artg(2√2 ).
O

A

A'

H

C
B Π

α

2β

�¥è¥¨¥. Ǒãáâì 2α ¨ 2β | ã£«ë ¯à¨ ¢¥àè¨¥ á®®â¢¥âáâ¢¥® ¯¥à¢®£® ¨ âà¥âì¥£® ª®ãá®¢.�â«®�¨¬   ®áïå á¨¬¬¥âà¨¨ ¯¥à¢ëå ¤¢ãå ª®ãá®¢ à ¢ë¥ ®âà¥§ª¨ OA ¨ OA′. �¡®§ ç¨¬ á¥à¥¤¨ã



®âà¥§ª  AA′ ç¥à¥§ H . �¥¤¨   OH à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  AOA′ ¡ã¤¥â â ª�¥ ¥£® ¢ëá®â®©¨ ¡¨áá¥ªâà¨á®©. Ǒ®íâ®¬ã OH ⊥ AA′, ¨ «ãç OH ï¢«ï¥âáï ®¡é¥© ®¡à §ãîé¥© ¯¥à¢ëå ¤¢ãå ª®ãá®¢.�â¬¥â¨¬   ®áïå á¨¬¬¥âà¨¨ âà¥âì¥£® ¨ ç¥â¢¥àâ®£® ª®ãá®¢ â®çª¨ B ¨ C á®®â¢¥âáâ¢¥®. Ǒ®-ª �¥¬, çâ® «ãç¨ OB ¨ OC «¥� â ¢ ¯«®áª®áâ¨ �, á®áâ®ïé¥© ¨§ â®ç¥ª, à ¢®ã¤ «¥ëå ®â A ¨ A′.�á®, çâ® O ∈ �. Ǒ®áª®«ìªã ∠AOB = ∠A′OB = α+ β, âà¥ã£®«ì¨ª¨ AOB ¨ A′OB à ¢ë, ®âªã¤ 
AB = A′B ¨ B ∈ �. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® «ãç OC «¥�¨â ¢ �.Ǒ®«®�¨¬ ϕ = ∠BOH . � ¬¥â¨¬, çâ® AOH ⊥ BOH ¨ ∠AOB = α + β, â ª ª ª ¯¥à¢ë© ¨ âà¥-â¨© ª®ãáë ª á îâáï ¤àã£ ¤àã£ . �á¯®«ì§ãï ¤«ï ¯¨à ¬¨¤ë OABH ä®à¬ã«ã âà¥å ª®á¨ãá®¢, ¬ë¯®«ãç¨¬ os∠AOB = os∠AOH · os∠BOH ⇐⇒ os(α+ β) = osα · osϕ. (∗)Ǒ®áª®«ìªã âà¥â¨© ¨ ç¥â¢¥àâë© ª®ãá ª á îâáï ¤àã£ ¤àã£ , ã£®« COH à ¢¥ ϕ−2β ¨«¨ 2π−ϕ−2β.�à®¬¥ â®£®, ç¥â¢¥àâë© ª®ãá ª á ¥âáï ¯¥à¢ëå ¤¢ãå. �®£¤  os(α+β) = osα ·os(ϕ±2β) ¯® ä®à¬ã«¥âà¥å ª®á¨ãá®¢ ¤«ï ¯¨à ¬¨¤ë OACH , ¨ ¢ á¨«ã (∗)os(ϕ± 2β) = os(α + β)osα = osϕ ⇐⇒ 2 sinβ · sin(ϕ± β) = 0 ⇐⇒ ϕ = π ∓ β.Ǒ®¤áâ ¢«ïï íâ¨ à ¢¥áâ¢  ¢ (∗), ¬ë ¯®«ãç¨¬os(α + β) = − osα · osβ ⇐⇒ 2 osα · osβ = sinα · sinβ ⇐⇒ tgα · tg β = 2.�®£¤  α+ β > π2 ¨tg(π − α− β) = − tg(α+ β) = tgα+ tg βtgα · tg β − 1 = tgα+ tg β > 2√tgα · tg β = 2√2.Ǒ®íâ®¬ã π − α − β > artg(2√2 ) ¨ α + β 6 π − artg(2√2 ). � ¢¥áâ¢® à¥ «¨§ã¥âáï ¢ á«ãç ¥
α = β = artg√2. �



� à¨ â 41. Ǒà¨ ª ª®¬  ¨¡®«ìè¥¬ n   ¤®áª¥ 9 × 9 ¬®�® à ááâ ¢¨âì n ª®à®«¥© ¨ 6 « ¤¥© â ª, çâ®¡ë¨ª ª ï ä¨£ãà  ¥ ¡ë«  ¯®¤ ¡®¥¬?�â¢¥â: 9.�¥è¥¨¥. �®à®«¨ ¬®£ãâ áâ®ïâì â®«ìª® ¢ ª«¥âª å   ¯¥à¥á¥ç¥¨¨ £®à¨§®â «¨ ¨ ¢¥àâ¨ª «¨,á¢®¡®¤ëå ®â « ¤¥©. � ª¨å ª«¥â®ª ¢á¥£® (9−6)2 = 9, ¯®íâ®¬ã n 6 9. Ǒà¨¬¥à à ááâ ®¢ª¨ 9 ª®à®«¥©¨ 6 « ¤¥© ¯®ª §    à¨áãª¥. � k k k rk k k rk k k rrrr2. � ë ç¨á«  x, y > 0. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = xy (x+ y)4√x12 + y12 .�â¢¥â: 4√8.�¥è¥¨¥. � ¬¥â¨¬, çâ® (

x3 + y3)4 6 4(x6 + y6)2 6 8(x12 + y12). Ǒ®íâ®¬ã
A 6

xy (x+ y) 4√8
x3 + y3 = xy 4√8

x2 − xy + y2 = 4√8
x
y
+ y

x
− 1 6

4√8.� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y. �3. �  âã¯®© ã£®« BAD, £¤¥ â®çª  D ®â«¨ç  ®â A. �  «ãç¥ AB ¯à®¨§¢®«ìë¬ ®¡à §®¬ ¢ë-¡¨à ¥âáï â®çª  X, â ª�¥ ®â«¨ç ï ®â A. Ǒãáâì P | â®çª  ¯¥à¥á¥ç¥¨ï ª á â¥«ìëå ª®¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª  ADX, ¯à®¢¥¤¥ëå ¢ â®çª å D ¨ X. � ©¤¨â¥ £¥®¬¥â-à¨ç¥áª®¥ ¬¥áâ® â®ç¥ª P .�â¢¥â: «ãç, á® ¯à ¢«¥ë© á «ãç®¬ DA,  ç¨ îé¨©áï ¢ â®çª¥ ¯¥à¥á¥ç¥¨ï BA ¨ á¥à¥¤¨®£®¯¥à¯¥¤¨ªã«ïà  ª ®âà¥§ªã AD.
D

A

X

C

P�¥è¥¨¥. �¡®§ ç¨¬ ç¥à¥§ C â®çªã ¯¥à¥á¥ç¥¨ï á¥à¥¤¨®£® ¯¥à¯¥¤¨ªã«ïà  ª ®âà¥§ªã AD á«ãç®¬ BA.



Ǒãáâì â®çª  P ¯®áâà®¥  ¯® X ¢ á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬. �®ª �¥¬, çâ® ®  «¥�¨â   «ãç¥ á ç «®¬ C, á® ¯à ¢«¥ë¬ á DA. �£®« ¬¥�¤ã ª á â¥«ì®© PD ¨ å®à¤®© AD à ¢¥ ¢¯¨á ®¬ãã£«ã AXD, ®¯¨à îé¥¬ãáï   ¤ã£ã AD. Ǒ®íâ®¬ã ∠PDA = ∠AXD ¨,   «®£¨ç®, ∠AXP = ∠ADX .� ¬¥â¨¬, çâ®
∠CDP + ∠PDA = ∠CDA = ∠CAD = 180◦ − ∠DAX = ∠AXD + ∠ADX = ∠PDA+ ∠CXP.� ç¨â, ∠CDP = ∠CXP ¨ ç¥âëà¥åã£®«ì¨ª CDXP ¢¯¨á ë©. �®£¤ 

∠PCX = ∠PDX = ∠CDA = ∠CAD, ®âªã¤  CP ‖ DA.Ǒãáâì â¥¯¥àì â®çª  P «¥�¨â   «ãç¥ á  ç «®¬ C, á® ¯à ¢«¥ë¬ á DA. �ë¡¥à¥¬   «ãç¥ CAâ®çªã X â ª, çâ®¡ë CX > CA ¨ ∠ADX = ∠CDP . Ǒ®ª �¥¬, çâ® â ª ï â®çª  X ¯®à®�¤ ¥â P ¢á®®â¢¥âáâ¢¨¨ á ãá«®¢¨¥¬. � ª ª ª
∠PCX = ∠CAD = ∠CDA = ∠PDX,ç¥âëà¥åã£®«ì¨ª CDXP ¢¯¨á ë©. �âáî¤ 

∠CXP = ∠CDP = ∠ADX ¨ ∠CXD = ∠CPD = ∠PDA.Ǒ®íâ®¬ã ®ªàã�®áâì, ¯à®å®¤ïé ï ç¥à¥§ â®çª¨ A,D,X , ª á ¥âáï ¯àï¬ëå XP ¨ DP . �4. � ®  âãà «ì®¥ ç¨á«® x, è¥áâ ¤æ â¨à¨ç ï § ¯¨áì ª®â®à®£® n-§ ç ï ¨ ¥ á®¤¥à�¨âã«¥©. �¨á«  x ¨ x2 ¢ è¥áâ ¤æ â¨à¨ç®© á¨áâ¥¬¥ ®¤¨ ª®¢® ç¨â îâáï á«¥¢   ¯à ¢® ¨á¯à ¢   «¥¢®. � ©¤¨â¥ ¢á¥ n, ¯à¨ ª®â®àëå â ª®¥ x áãé¥áâ¢ã¥â.�â¢¥â: n ∈ {1, 2, . . . , 15}.�¥è¥¨¥. �á«¨ n 6 15, â®  ¬ ¯®¤å®¤¨â x = 1 . . . 1, ¯®áª®«ìªã1 . . . 12 = 12 . . . (n− 1)n(n− 1) . . . 1.Ǒà¥¤¯®«®�¨¬ â¥¯¥àì, çâ® âà¥¡ã¥¬®¥ ç¨á«® x áãé¥áâ¢ã¥â, ¨ § ¯¨è¥¬ ¥£® ¢ è¥áâ ¤æ â¨à¨ç®©á¨áâ¥¬¥: x = an−1 . . . a0. �§ á¨¬¬¥âà¨¨ ç¨á¥« ak ¢ëâ¥ª ¥â, çâ® x2 = b0 + 16b1 + . . . + 162n−2b2n−2,£¤¥
bk = a0ak + a1ak−1 + . . .+ aka0, b2n−2−k = bk ¯à¨ k = 0, 1, . . . , n− 1.� ¬ ¤®áâ â®ç® ¯®ª § âì, çâ® bk 6 15 ¤«ï ¢á¥å k = 0, 1, . . . , 2n − 2. �¥©áâ¢¨â¥«ì®, ¯® ãá«®¢¨î

ak > 1 ¯à¨ ¢á¥å k = 0, . . . , n − 1, ¨ ¬ë ¯®«ãç¨¬ n 6 bn 6 15. �®ª �¥¬ âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢® ¯®¨¤ãªæ¨¨.� §  ¨¤ãªæ¨¨. Ǒà®¢¥à¨¬, çâ® a20 6 15. Ǒà¥¤¯®«®�¨¬, çâ® a0 > 3. �®£¤  ¬« ¤è ï æ¨äà  ç¨á« 
x2 à ¢  a20mod 16,   ¥£® áâ àè ï æ¨äà  ¥áâì [

x2 · 161−2n]. � ¬¥â¨¬, çâ®
[

x2162n−1 ] >

[(
a0 · 16n−1)2162n−1 ] = [

a2016] ¨ [
x2162n−1 ] <

x2162n−1 <

((a0 + 1) · 16n−1)2162n−1 = (a0 + 1)216 .Ǒà¨ a0 ∈ {4, 8, C} ¬« ¤è ï æ¨äà  x2 ¡ã¤¥â ã«¥¬, çâ® ¥¢®§¬®�®. �à®¬¥ â®£®,
a20mod 16 > (a0 + 1)216 ¯à¨ a0 ∈ {5, 6, B} ¨ a20mod 16 < [

a2016] ¯à¨ a0 ∈ {7, 9, A,D,E, F}.� ç¨â, áâ àè ï ¨ ¬« ¤è ï æ¨äàë x2 ¥ á®¢¯ ¤ îâ, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î.�â¬¥â¨¬, çâ® ¯® ç¨á«® x2 ®¡ï§ ® ¡ëâì (2n− 1)-§ çë¬, â ª ª ª x < 4 · 16n−1 ¨ x2 < 162n−1.



�¤ãªæ¨®ë© ¯¥à¥å®¤. Ǒãáâì ¥à ¢¥áâ¢® ¤®ª § ® ¤«ï bj ¯à¨ j < k. �®£¤  b0, . . . , bk−1 |¬« ¤è¨¥ æ¨äàë ç¨á«  x2, ¨ ¢ á¨«ã ãá«®¢¨ï bk−1, . . . , b0 | ¥£® áâ àè¨¥ æ¨äàë. Ǒ®íâ®¬ã162n−1−k > x2 − 162n−2b0 − . . .− 162n−1−kbk−1 == x2 − 162n−2b2n−2 − . . .− 162n−1−kb2n−1−k > 162n−2−kb2n−2−k = 162n−2−kbk,®âªã¤  bk < 16. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ¯à¨¨¬ ¥â ãç áâ¨¥ 20 ç¥«®¢¥ª. �á«¨ âà®©ª ãç áâ¨ª®¢ A,B,C â ª®¢ , çâ® A ¢ë¨£à « ã B,   B | ã C, â® ®à£ ¨§ â®àë âãà¨à  ¢àã-ç îâ á¯®àâá¬¥ ¬ ¨§ íâ®© âà®©ª¨ á®®â¢¥âáâ¢¥® \§®«®â®©", \á¥à¥¡àïë©" ¨ \¡à®§®¢ë©"áã¢¥¨àë. �ç áâ¨ª, ®ª § ¢è¨©áï ¢ ¥áª®«ìª¨å âà®©ª å, ¯®«ãç ¥â áã¢¥¨à §  ª �¤ãî ¨§ ¨å.� ª®¥  ¨¬¥ìè¥¥ ª®«¨ç¥áâ¢® \á¥à¥¡àïëå" áã¢¥¨à®¢  ¤® § ªã¯¨âì ®à£ ¨§ â®à ¬, çâ®¡ë¨å å¢ â¨«® ¢¥ § ¢¨á¨¬®áâ¨ ®â à¥§ã«ìâ â®¢ âãà¨à ? �¨çì¨å ¢ â¥¨á¥ ¥ ¡ë¢ ¥â.�â¢¥â: 1800.�¥è¥¨¥. �®£®¢®à¨¬áï á¨¬¢®«®¬ X → Y ®â¬¥ç âì ä ªâ ¯®¡¥¤ë X  ¤ Y . Ǒãáâì â¥¨á¨áâ
B ®¤¥à� « m ¯®¡¥¤ ¨ ¯®â¥à¯¥« 19 − m ¯®à �¥¨©. �®£¤   ©¤¥âáï à®¢® m(19 − m) âà®¥ª ¢¨¤ 
A → B → C. � ªá¨¬ã¬ âà¥åç«¥  m(19 − m) à¥ «¨§ã¥âáï ¢ ¡«¨� ©è¨å ª ¥£® ¢¥àè¨¥ æ¥«ëåâ®çª å, â® ¥áâì ¯à¨ m = 9 ¨«¨ m = 10. � ç¥¨¥ âà¥åç«¥  ¢ íâ¨å â®çª å à ¢® 90. � ç¨â, ¡®«¥¥90 \á¥à¥¡àïëå" áã¢¥¨à®¢ â¥¨á¨áâ B ¥ ¯®«ãç¨â,   ¢á¥£® ¤®áâ â®ç® 90 · 20 = 1800 áã¢¥¨à®¢.Ǒ®ª �¥¬, çâ® 1799 \á¥à¥¡àïëå" áã¢¥¨à®¢ ¬®�¥â ¥ å¢ â¨âì. �â® ¯à®¨§®©¤¥â, ¥á«¨ ª �¤ë©ãç áâ¨ª ®¤¥à�¨â 9 ¨«¨ 10 ¯®¡¥¤. �«ï k = 2, 3, . . . , 10 ¯à¨¢¥¤¥¬ ¯à¨¬¥à âãà¨à  á 2k ãç áâ¨ª ¬¨,£¤¥ k â¥¨á¨áâ®¢ ®¤¥à� «¨ ¯® k−1 ¯®¡¥¤ ¨ k â¥¨á¨áâ®¢ | ¯® k ¯®¡¥¤. Ǒãáâì k = 2,   ãç áâ¨ª®¢®¡®§ ç¨¬ ç¥à¥§ A,B,C,D. �®£¤  ¬®�® ¯®«®�¨âì A → B → C → D → A, A → C, B → D.�®¯ãáâ¨¬, çâ® ¤«ï ¥ª®â®à®£® k < 10 á®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à ã�¥ ¯®áâà®¥. �®¡ ¢¨¬ ª âãà¨àã¤¢ãå ®¢ëå ãç áâ¨ª®¢ A ¨ B, ¯à¨ç¥¬ A → B. Ǒãáâì áâ àë¥ ãç áâ¨ª¨ á k−1 ¯®¡¥¤ ¬¨ ¯à®¨£à «¨
A ¨ ¢ë¨£à «¨ ã B,   ãç áâ¨ª¨ á k ¯®¡¥¤ ¬¨ ¯à®¨£à «¨ B ¨ ¢ë¨£à «¨ ã A. �®£¤  ã ¢á¥å áâ àëåãç áâ¨ª®¢ áâ «®   ®¤ã ¯®¡¥¤ã ¡®«ìè¥. �à®¬¥ â®£®, A ®¤¥à�¨â k + 1 ¯®¡¥¤ã,   B | k ¯®¡¥¤.� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨ ¯à¨¬¥à âãà¨à  á 2(k + 1) â¥¨á¨áâ ¬¨. �6. �¥âëà¥ ª®ãá  á ®¡é¥© ¢¥àè¨®© O ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬, ¯à¨ç¥¬ ¯¥à¢ë¥¤¢  ¨ ¯®á«¥¤¨¥ ¤¢  ¨å ¨å ¨¬¥îâ ®¤¨ ª®¢ë© ã£®« ¯à¨ ¢¥àè¨¥. Ǒïâë© ª®ãá, ®â«¨çë© ®âç¥â¢¥àâ®£®, ª á ¥âáï ¯¥à¢ëå âà¥å ª®ãá®¢ ¢¥è¨¬ ®¡à §®¬. � ©¤¨â¥ ¬ ªá¨¬ «ìë© ã£®« ¯à¨¢¥àè¨¥ ¯ïâ®£® ª®ãá . (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨¢ ®á¥¢®¬ á¥ç¥¨¨).�â¢¥â: 2 artg(2√2 ).

O

A

A'

H

D
B Π

α

β+γ

�¥è¥¨¥. Ǒãáâì 2α, 2β ¨ 2γ | ã£«ë ¯à¨ ¢¥àè¨¥ á®®â¢¥âáâ¢¥® ¯¥à¢®£®, âà¥âì¥£® ¨ ¯ïâ®£®ª®ãá®¢. �â«®�¨¬   ®áïå á¨¬¬¥âà¨¨ ¯¥à¢ëå ¤¢ãå ª®ãá®¢ à ¢ë¥ ®âà¥§ª¨ OA ¨ OA′. �¡®§ ç¨¬á¥à¥¤¨ã ®âà¥§ª  AA′ ç¥à¥§ H . �¥¤¨   OH à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  AOA′ ¡ã¤¥â â ª�¥ ¥£®



¢ëá®â®© ¨ ¡¨áá¥ªâà¨á®©. Ǒ®íâ®¬ã OH ⊥ AA′, ¨ «ãç OH ï¢«ï¥âáï ®¡é¥© ®¡à §ãîé¥© ¯¥à¢ëå ¤¢ãåª®ãá®¢.�â¬¥â¨¬   ®áïå á¨¬¬¥âà¨¨ âà¥âì¥£® ¨ ç¥â¢¥àâ®£® ¨ ¯ïâ®£® ª®ãá®¢ â®çª¨ B, C ¨D á®®â¢¥âáâ¢¥-®. Ǒ®ª �¥¬, çâ® «ãç¨ OB, OC ¨ OD «¥� â ¢ ¯«®áª®áâ¨ �, á®áâ®ïé¥© ¨§ â®ç¥ª, à ¢®ã¤ «¥ëå®â A ¨ A′. �á®, çâ® O ∈ �. Ǒ®áª®«ìªã ∠AOB = ∠A′OB = α + β, âà¥ã£®«ì¨ª¨ AOB ¨ A′OBà ¢ë, ®âªã¤  AB = A′B ¨ B ∈ �. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® «ãç¨ OC ¨ OD «¥� â ¢ �.Ǒ®«®�¨¬ ϕ = ∠BOH . � ¬¥â¨¬, çâ® AOH ⊥ BOH ¨ ∠AOB = α + β, â ª ª ª ¯¥à¢ë© ¨ âà¥-â¨© ª®ãáë ª á îâáï ¤àã£ ¤àã£ . �á¯®«ì§ãï ¤«ï ¯¨à ¬¨¤ë OABH ä®à¬ã«ã âà¥å ª®á¨ãá®¢, ¬ë¯®«ãç¨¬ os∠AOB = os∠AOH · os∠BOH ⇐⇒ os(α+ β) = osα · osϕ. (∗)Ǒ®áª®«ìªã âà¥â¨© ¨ ç¥â¢¥àâë© ª®ãá ª á îâáï ¤àã£ ¤àã£ , ã£®« COH à ¢¥ ϕ−2β ¨«¨ 2π−ϕ−2β.�à®¬¥ â®£®, ç¥â¢¥àâë© ª®ãá ª á ¥âáï ¯¥à¢ëå ¤¢ãå. �®£¤  os(α+β) = osα ·os(ϕ±2β) ¯® ä®à¬ã«¥âà¥å ª®á¨ãá®¢ ¤«ï ¯¨à ¬¨¤ë OACH , ¨ ¢ á¨«ã (∗)os(ϕ± 2β) = os(α + β)osα = osϕ ⇐⇒ 2 sinβ · sin(ϕ± β) = 0 ⇐⇒ ϕ = π ∓ β.�¤® ¨§ ¯®«ãç¥ëå § ç¥¨© ϕ á®®â¢¥âáâ¢ã¥â âà¥âì¥¬ã ª®ãáã, ¤àã£®¥ | ç¥â¢¥àâ®¬ã. �ë ¬®�¥¬áç¨â âì, çâ® ϕ = π − β, ¨ ç¥ á¨¬¬¥âà¨ç® ®âà §¨¬ ¢á¥ ª®ãáë ®â®á¨â¥«ì® ¯«®áª®áâ¨ OAA′.�®£¤  ∠DOH = ϕ− β − γ = π − 2β − γ. � á¨«ã à ¢¥áâ¢  (∗)os(α+ β) = − osα · osβ ⇐⇒ 2 osα · osβ = sinα · sinβ. (∗∗)�¥¯¥àì ä®à¬ã«  âà¥å ª®á¨ãá®¢ ¤«ï ¯¨à ¬¨¤ë OADH ¤ ¥âos(α+ γ) = osα · os(ϕ− γ − β) = − osα · os(γ + 2β) ⇐⇒
⇐⇒ osα · os γ − sinα · sin γ = sin γ · osα · sin 2β − os γ · osα · os 2β ⇐⇒

⇐⇒ os γ · 2 os2 β · osα = sin γ (sinα+ 2 osα · osβ · sinβ).� á¨«ã ä®à¬ã«ë (∗∗) § ¬¥¨¬ ¢ ®¡¥¨å ç áâïå ¯®á«¥¤¥£® à ¢¥áâ¢  2 osα · osβ   sinα · sinβ,  § â¥¬ á®ªà â¨¬   sinα. �ë ¯®«ãç¨¬os γ · sinβ · osβ = sin γ (1 + sin2 β) =⇒ tg γ = os2 β + 2 sin2 βosβ · sinβ >
2√2 · osβ · sinβosβ · sinβ = 2√2.Ǒ®íâ®¬ã γ 6 artg(2√2 ). � ¢¥áâ¢® à¥ «¨§ã¥âáï ¢ á«ãç ¥ tgα = 2√2, tg β = √2. �



� à¨ â 51. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® á«®®¢ ¬®�® à ááâ ¢¨âì   è å¬ â®© ¤®áª¥ â ª, çâ®¡ë  ª �¤®© ¤¨ £® «¨ à á¯®« £ «®áì ¥ ¡®«¥¥ âà¥å á«®®¢?�â¢¥â: 38.�¥è¥¨¥. �ã¤¥¬ ®¡®§ ç âì ª«¥âª¨ ¤®áª¨ â ª, ª ª íâ® ¯à¨ïâ® ¢ è å¬ â å. �¯®àï¤®ç¨¬¤¨ £® «¨, ¯ à ««¥«ìë¥ a1 { h8, á¢¥àåã ¢¨§. �à¨ ¯¥à¢ëå ¨ âà¨ ¯®á«¥¤¨å ¤¨ £® «¨ á®¤¥à� â¢ ®¡é¥© á«®�®áâ¨ 12 ª«¥â®ª, ¨§ ª®â®àëå 4 «¥� â   ¤¨ £® «¨ a8 { h1. � ç¨â,   íâ¨å è¥áâ¨¤¨ £® «ïå ¬®�¥â à á¯®« £ âìáï ¥ ¡®«¥¥ 11 á«®®¢. �áâ «ìë¥ 9 ¤¨ £® «¥© á®¤¥à� â ¥ ¡®«¥¥ç¥¬ ¯® 3 á«® . Ǒ®íâ®¬ã ®¡é¥¥ ç¨á«® á«®®¢ ¥ ¯à¥¢®áå®¤¨â 11 + 3 · 9 = 38. � ááâ ®¢ª  38 á«®®¢¯®ª §     à¨áãª¥. � babababZababababbZ Z Z aa Z Z ZbbZ Z Z aa Z Z Zbbabababaabababa2. � ë à §«¨çë¥ ç¨á«  a, b, c. � ©¤¨â¥ ¬¨¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = (a− b)(b− c)(c− a)

|a− b|3 + |b− c|3 + |c− a|3 .�â¢¥â: − 15 .�¥è¥¨¥ 1. � ª ª ª A ¥ ¬¥ï¥âáï ¯à¨ æ¨ª«¨ç¥áª®© ¯¥à¥áâ ®¢ª¥ ¯¥à¥¬¥ëå a, b, c, ¬ë ¬®�¥¬áç¨â âì, çâ® a ¡®«ìè¥ b ¨ c. �®£¤  (a− b)(c− a) < 0, ®âªã¤  b > c, ¯®áª®«ìªã ¬¨¨¬ã¬ A, ®ç¥¢¨¤®,®âà¨æ â¥«¥. Ǒãáâì x = a− b, y = b− c. �â¨ ç¨á«  ¯®«®�¨â¥«ìë, ¨
−A = xy (x+ y)

x3 + y3 + (x + y)3 = xy2x2 + 2y2 + xy
= 12(x

y
+ y

x

)+ 1 6
15 .� ª¨¬ ®¡à §®¬, A > − 15 . � ¢¥áâ¢® à¥ «¨§ã¥âáï ¢ á«ãç ¥ x = y ( ¯à¨¬¥à, ¯à¨ a = 2, b = 1,

c = 0). ��¥è¥¨¥ 2. � ª ª ª A ¥ ¬¥ï¥âáï ¯à¨ æ¨ª«¨ç¥áª®© ¯¥à¥áâ ®¢ª¥ ¯¥à¥¬¥ëå a, b, c, ¬ë ¬®�¥¬áç¨â âì, çâ® a ¡®«ìè¥ b ¨ c. �®£¤  (a− b)(c− a) < 0, ®âªã¤  b > c, ¯®áª®«ìªã ¬¨¨¬ã¬ A, ®ç¥¢¨¤®,®âà¨æ â¥«¥. Ǒãáâì 2x = a − c. �¨á«  a− b ¨ b − c ¯®«®�¨â¥«ìë,   ¨å áã¬¬  à ¢  2x. Ǒ®íâ®¬ã®¨ ¨¬¥îâ ¢¨¤ x− d ¨ x+ d, £¤¥ −x < d < x. �®£¤ 
−A = 2x(x − d)(x+ d)(2x)3 + (x− d)3 + (x+ d)3 = x

(
x2 − d2)5x3 + 3xd2 6

x35x3 = 15 .� ª¨¬ ®¡à §®¬, A > − 15 . � ¢¥áâ¢® à¥ «¨§ã¥âáï ¢ á«ãç ¥ d = 0 ( ¯à¨¬¥à, ¯à¨ a = 2, b = 1,
c = 0). �3. �  áâ®à® å BC ¨ AB ®áâà®ã£®«ì®£® âà¥ã£®«ì¨ª  ABC ¢ë¡à ë â®çª¨ D ¨ X. Ǒàï¬ë¥,¯à®å®¤ïé¨¥ ç¥à¥§ X ¯ à ««¥«ì® BC ¨ AD, ¯¥à¥á¥ª îâ á®®â¢¥âáâ¢¥® áâ®à®ë AC ¨ BC¢ â®çª å Y ¨ Z. Ǒãáâì M , K ¨ N | á¥à¥¤¨ë ®âà¥§ª®¢ BC, Y Z ¨ AD á®®â¢¥âáâ¢¥®.� ©¤¨â¥ ã£®« MKN .�â¢¥â: 180◦.



A

B

C

D

X

Y

Z

M

K

N

L

P

�¥è¥¨¥ 1. Ǒãáâì L | â®çª  ¯¥à¥á¥ç¥¨ï XY á AM . � ¬¥â¨¬, çâ® XL
LY

= BM
MC

= 1, â® ¥áâì
L | á¥à¥¤¨  XY . �®£¤  LK | áà¥¤ïï «¨¨ï âà¥ã£®«ì¨ª  XY Z, ®âªã¤  LK ‖ XZ ‖ AD.Ǒà®¤®«�¨¬ «ãç LK ¨ ®¡®§ ç¨¬ â®çªã ¥£® ¯¥à¥á¥ç¥¨ï á BC ç¥à¥§ P . �à¥ã£®«ì¨ª¨ LKY ¨ PKZà ¢ë ¯® áâ®à®¥ ¨ ¤¢ã¬ ã£« ¬, ¯®íâ®¬ã LK = KP . Ǒ®áª®«ìªã LP ‖ AD, âà¥ã£®«ì¨ª¨ MLP ¨
MAD ¯®¤®¡ë,   ¯àï¬ ï MK ¡ã¤¥â ¨å ®¡é¥© ¬¥¤¨ ®©. �® MN | â®�¥ ¬¥¤¨   MAD. � ç¨â,â®çª¨ M , K, N «¥� â   ®¤®© ¯àï¬®© ¨ ∠MKN = 180◦. ��¥è¥¨¥ 2. Ǒ®«®�¨¬ ~b = −→

AB, ~c = −→
AC, λ = BX

AB
. �®£¤ 2−−→AK = −→

AZ +−→
AY = ~b+ λ

(−→
AD −~b

)+ (1− λ)~c = (1− λ)(~b+ ~c ) + λ
−→
AD = 2((1− λ)−−→AM + λ

−→
AN

)
.Ǒ®á«¥ á®ªà é¥¨ï   2 ¬ë ¯®«ãç¨¬

−−→
MK = −−→

AK −−−→
AM = λ

(−→
AN −−−→

AM
) = λ

−−→
MN.� ç¨â, â®çª¨ M , K, N «¥� â   ®¤®© ¯àï¬®© ¨ ∠MKN = 180◦. �4. �¥áïâ¨ç ï § ¯¨áì  âãà «ì®£® ç¨á«  x | íâ®  ¯¨á  ï 2019 à § ¯®¤àï¤ ¯ à  ª ª¨å-â®æ¨äà. �¨á«® y ¯®«ãç¥® ¥ª®â®à®© ¯¥à¥áâ ®¢ª®© æ¨äà x. �®�¥â «¨ ¤¥áïâ¨ç ï § ¯¨áìç¨á«  x · y ¯à¥¤áâ ¢«ïâì á®¡®© ¬®£®ªà â® ¯®¢â®à¥ë© ¡«®ª ¨§ ç¥âëà¥å æ¨äà?�â¢¥â: � ,  ¯à¨¬¥à x = 4545 . . .45, y = 4455 . . .445545, x · y = 2025 . . .2025.�¥è¥¨¥. Ǒãáâì § ¯¨áì x | íâ® ¯ à  ab, ¯®¢â®à¥ ï 2n + 1 à §. Ǒ®ª �¥¬, çâ® âà¥¡ã¥¬ë¥ç¨á«  áãé¥áâ¢ãîâ ¤«ï «î¡®£® ¥®âà¨æ â¥«ì®£® æ¥«®£® n. Ǒ®«®�¨¬

Pn = 10001 . . .0001, Mn = 101 . . . 01, Nn = 9900 . . .99009901,£¤¥ § ¯¨áì Pn ¨ Mn á®¤¥à�¨â ¯® 2n+ 1 ¥¤¨¨æ,   § ¯¨áì Nn | 2n ¤¥¢ïâ®ª.�®ª �¥¬ ¢ ç «¥, çâ® Pn = Mn ·Nn ¤«ï «î¡®£® ¥®âà¨æ â¥«ì®£® æ¥«®£® n. � ¬¥â¨¬, çâ®
Mn = 1+102+. . .+(102)2n = 104n+2 − 199 , Pn = 1+104+. . .+(104)2n = 108n+4 − 19999 = Mn·

104n+2 + 1101 .�áâ «®áì ¯à®¢¥à¨âì à ¢¥áâ¢® 104n+2+1 = 101 ·Nn. �«ï n = 0 ®® ®ç¥¢¨¤®. �á«¨ ¯à¨ ¥ª®â®à®¬ níâ® á®®â®è¥¨¥ ¢¥à®, â®104n+6 + 1 = (104n+2 + 1) + 104n+2 · 9999 = 101 ·Nn + 101 · 99 · 104n+2 = 101 ·Nn+1.Ǒ¥à¥©¤¥¬ â¥¯¥àì ª ¢ë¡®àã ¯ àë ab ¨ ¯¥à¥áâ ®¢ª¨ æ¨äà x. �®�® ¨áª âì y ¢ ¢¨¤¥ cd · Nn,¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥
x · y = ab ·Mn · cd ·Nn = ab · cd · Pn,¨ ¤¥áïâ¨ç ï § ¯¨áì x · y ¯®«ãç¨âáï ¬®£®ªà âë¬ ¯®¢â®à¥¨¥¬ æ¨äà ¯à®¨§¢¥¤¥¨ï ab · cd. �ã¤¥¬áç¨â âì, çâ® c 6= d ¨ d 6= 0. � ¯¨áì y ª ª ¯¥à¥áâ ®¢ª  § ¯¨á¨ x á®áâ®¨â ¨§ æ¨äà a ¨ b (¢ ®¤¨ ª®¢®¬



ª®«¨ç¥áâ¢¥). � ¤àã£®© áâ®à®ë, ¬« ¤è¨¥ æ¨äàë ç¨á«  cd ·Nn à ¢ë c ¨ d. Ǒ®íâ®¬ã {a, b} = {c, d},  ¯à®¨§¢¥¤¥¨¥ 99 · cd ¤®«�® á®¤¥à� âì ¯® ¤¢¥ æ¨äàë c ¨ d. � ¬¥â¨¬, çâ®99 · cd = 1000c+ 100d− 10c− d = 1000c+ 100(d− 1) + 10(9− c) + 10− d.�à¥âìï æ¨äà  99 · cd ¥ ¬®�¥â à ¢ïâìáï d. � ç¨â, ®  à ¢  c, â® ¥áâì c = d− 1. �« ¤è ï æ¨äà 99 · cd à ¢  c ¨«¨ d, ®âªã¤  10− d = d − 1 ¨«¨ 10− d = d. Ǒ¥à¢ë© á«ãç © ¥¢®§¬®�¥,   ¢â®à®©¤ ¥â d = 5, c = 4 ¨ 99 · cd = 4455. �®£¤  y = 4455 . . .445545,   ¢ ª ç¥áâ¢¥ x ¬®�® ¢§ïâì 45 . . .45 ¨«¨54 . . . 54. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ¯à¨ï«® ãç áâ¨¥ 25 ç¥«®¢¥ª. � �¤ë© â¥-¨á¨áâ ®¤¥à� « ¯® 12 ¯®¡¥¤. �ª®«ìª® ¯® ¨â®£ ¬ âãà¨à  ®ª § «®áì âà®¥ª ãç áâ¨ª®¢, ®¤¥à-� ¢è¨å ¢® ¢áâà¥ç å ¬¥�¤ã á®¡®© à®¢® ¯® ®¤®© ¯®¡¥¤¥? �¨çì¨å ¢ â¥¨á¥ ¥ ¡ë¢ ¥â.�â¢¥â: 650.�¥è¥¨¥ 1. � §®¢¥¬ æ¨ª«®¬ â ªãî âà®©ªã ãç áâ¨ª®¢, çâ® ¢® ¢áâà¥ç å ¬¥�¤ã á®¡®© ª �¤ë© ¨§¨å ®¤¥à� « ¯® ®¤®© ¯®¡¥¤¥. �¡®§ ç¨¬ ç¥à¥§ x ®¡é¥¥ ª®«¨ç¥áâ¢® æ¨ª«®¢,   ç¥à¥§ y | ª®«¨ç¥áâ¢®¢á¥å âà®¥ª, ¥ ®¡à §ãîé¨å æ¨ª« . �®£¤  x+y | ®¡é¥¥ ç¨á«® à §«¨çëå âà®¥ª ãç áâ¨ª®¢, ®âªã¤ 
x+ y = C325 = 2300.� áá¬®âà¨¬ â¥¯¥àì ã¯®àï¤®ç¥ë¥ âà®©ª¨ ãç áâ¨ª®¢ (A,B,C), ¢ ª®â®àëå A ¯®¡¥¤¨« B,   B¢ë¨£à « ã C. �á«¨ â¥¨á¨áâë A,B,C ¥ ®¡à §ãîâ æ¨ª« , ¨å ¬®�® ã¯®àï¤®ç¨âì ®¤®§ ç®,  ¥á«¨ ®¡à §ãîâ | âà¥¬ï á¯®á®¡ ¬¨ (¯®¤å®¤ïâ â ª�¥ æ¨ª«¨ç¥áª¨¥ ¯¥à¥áâ ®¢ª¨ âà®©ª¨). � ç¨â,®¡é¥¥ ç¨á«® ã¯®àï¤®ç¥ëå âà®¥ª à ¢® 3x + y. � ¤àã£®© áâ®à®ë, ¤«ï ª �¤®£® â¥¨á¨áâ  B¥£® ¯ àâ¥à®¢ ¯® âà®©ª¥ A ¨ C ¬®�® ¢ë¡à âì ¥§ ¢¨á¨¬® ¤¢¥ ¤æ âìî á¯®á®¡ ¬¨, ¯®áª®«ìªã B¯®â¥à¯¥« 12 ¯®à �¥¨© ¨ ®¤¥à� « 12 ¯®¡¥¤. Ǒ®íâ®¬ã ¢á¥£® ¥áâì 12 · 12 · 25 = 3600 ã¯®àï¤®ç¥ëåâà®¥ª, ®âªã¤  3x+ y = 3600. � ª¨¬ ®¡à §®¬,

x = 12 (3x+ y − (x+ y)) = 12 (3600− 2300) = 650. ��¥è¥¨¥ 2. Ǒãáâì ¢ âãà¨à¥ ãç áâ¢®¢ «® 2k + 1 â¥¨á¨áâ®¢, ¨ ª �¤ë© ®¤¥à� « ¯® k ¯®¡¥¤.� §®¢¥¬ æ¨ª«®¬ â ªãî âà®©ªã ãç áâ¨ª®¢, çâ® ¢® ¢áâà¥ç å ¬¥�¤ã á®¡®© ª �¤ë© ¨§ ¨å ®¤¥à� « ¯®®¤®© ¯®¡¥¤¥. �¡®§ ç¨¬ ç¥à¥§ Sk ®¡é¥¥ ª®«¨ç¥áâ¢® æ¨ª«®¢ ¢ âãà¨à¥ á 2k+1 ãç áâ¨ª ¬¨. �á®,çâ® S1 = 1. �®¡ ¢¨¬ ¢ âãà¨à á 2k − 1 ãç áâ¨ª ¬¨ ¤¢ãå ®¢ëå â¥¨á¨áâ®¢ A ¨ B ¨ ¯®á¬®âà¨¬,  áª®«ìª® ã¢¥«¨ç¨âáï ç¨á«® æ¨ª«®¢. Ǒãáâì A ¢ë¨£à « ã B. �®£¤  ®áâ «ìë¥ 2k − 1 ãç áâ¨ª®¢à §®¡ìîâáï   £àã¯¯ë ¨§ k− 1 ¨ k ç¥«®¢¥ª: ¯¥à¢ ï £àã¯¯  ¯à®¨£à «  A ¨ ¢ë¨£à «  ã B, ¢â®à ï | ®¡®à®â. �®¢ë¥ æ¨ª«ë ¬®£ãâ ¡ëâì ¤¢ãå â¨¯®¢.1) (A,C,D) ¨«¨ (B,C,D), £¤¥ C,D ®â«¨çë ®â A ¨ B. �á«¨ C ¨ D ¢å®¤ïâ ¢ ®¤ã £àã¯¯ã, â®â ª¨å æ¨ª«®¢ ¡ëâì ¥ ¬®�¥â, ¯®áª®«ìªã ¨ A, ¨ B «¨¡® ¢ë¨£à «¨ ã C ¨ D, «¨¡® ¯à®¨£à «¨ ¨¬.Ǒãáâì C ¢§ïâ ¨§ ¯¥à¢®© £àã¯¯ë,   D | ¨§ ¢â®à®©. �á«¨ C ¢ë¨£à « ã D, â® (A,C,D) ®¡à §ã¥âæ¨ª«,   (B,C,D) | ¥â. �á«¨ �¥ D ¢ë¨£à « ã C, â® (B,C,D) ®¡à §ã¥â æ¨ª«,   (A,C,D) | ¥â.� ª¨¬ ®¡à §®¬, ¯ à  (C,D) ¤ ¥â à®¢® ®¤¨ ®¢ë© æ¨ª«,   ®¡é¥¥ ç¨á«® æ¨ª«®¢ ¯¥à¢®£® â¨¯  à ¢®(k − 1)k.2) (A,B,C), £¤¥ C ®â«¨ç¥ ®â A ¨ B. � ª ï âà®©ª  ¡ã¤¥â æ¨ª«®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  C¡¥à¥âáï ¨§ ¢â®à®© £àã¯¯ë. � ç¨â, ¬ë ¯®«ãç ¥¬ ¥é¥ k ®¢ëå æ¨ª«®¢.�§ 1) ¨ 2) ¢ëâ¥ª ¥â, çâ® Sk − Sk−1 = (k − 1)k + k = k2, ®âªã¤  ¤«ï «î¡®£®  âãà «ì®£® n

Sn = S1 + (S2 − S1) + . . .+ (Sk − Sk−1) = 12 + 22 + . . .+ n2 = 16 n(n+ 1)(2n+ 1).�áâ «®áì ¯®¤áâ ¢¨âì n = 12. �6. �à¨ ª®ãá  á ®¡é¥© ¢¥àè¨®© O ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. Ǒ¥à¢ë¥ ¤¢  ª®ãá  ¨¬¥-îâ ã£®« ¯à¨ ¢¥àè¨¥ π3 ,   ®áì á¨¬¬¥âà¨¨ âà¥âì¥£® ª®ãá  ¯¥à¯¥¤¨ªã«ïà  ®áï¬ á¨¬¬¥âà¨¨¯¥à¢ëå ¤¢ãå. �é¥ ®¤¨ ª®ãá á ¢¥àè¨®© O ª á ¥âáï ¢¥è¨¬ ®¡à §®¬ âà¥å ¤àã£¨å. � ©¤¨â¥



¥£® ã£®« ¯à¨ ¢¥àè¨¥. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢®á¥¢®¬ á¥ç¥¨¨.)�â¢¥â: 2 artg(7√3± 12).�¥è¥¨¥. Ǒãáâì α = π6 , 2β ¨ 2γ | ã£«ë ¯à¨ ¢¥àè¨¥ á®®â¢¥âáâ¢¥® âà¥âì¥£® ¨ ç¥â¢¥àâ®£®ª®ãá®¢. �â«®�¨¬   ®áïå á¨¬¬¥âà¨¨ ¯¥à¢ëå ¤¢ãå ª®ãá®¢ à ¢ë¥ ®âà¥§ª¨ OA ¨ OA′. �¡®§ ç¨¬á¥à¥¤¨ã ®âà¥§ª  AA′ ç¥à¥§ H . �¥¤¨   OH à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  AOA′ ¡ã¤¥â â ª�¥ ¥£®¢ëá®â®© ¨ ¡¨áá¥ªâà¨á®©. Ǒ®íâ®¬ã OH ⊥ AA′, ¨ «ãç OH ï¢«ï¥âáï ®¡é¥© ®¡à §ãîé¥© ¯¥à¢ëå ¤¢ãåª®ãá®¢.�â¬¥â¨¬   ®áïå á¨¬¬¥âà¨¨ âà¥âì¥£® ¨ ç¥â¢¥àâ®£® ª®ãá®¢ â®çª¨ B ¨ C á®®â¢¥âáâ¢¥®. Ǒ®-ª �¥¬, çâ® «ãç¨ OB ¨ OC «¥� â ¢ ¯«®áª®áâ¨ �, á®áâ®ïé¥© ¨§ â®ç¥ª, à ¢®ã¤ «¥ëå ®â A ¨ A′.�á®, çâ® O ∈ �. Ǒ®áª®«ìªã ∠AOB = ∠A′OB = α+ β, âà¥ã£®«ì¨ª¨ AOB ¨ A′OB à ¢ë, ®âªã¤ 
AB = A′B ¨ B ∈ �. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® «ãç OC «¥�¨â ¢ �.Ǒ®«®�¨¬ ϕ = ∠COH . � ¬¥â¨¬, çâ® AOH ⊥ COH ¨ ∠AOC = α + γ, â ª ª ª ¯¥à¢ë© ¨ ç¥â¢¥à-âë© ª®ãáë ª á îâáï ¤àã£ ¤àã£ . �á¯®«ì§ãï ¤«ï ¯¨à ¬¨¤ë OACH ä®à¬ã«ã âà¥å ª®á¨ãá®¢, ¬ë¯®«ãç¨¬os∠AOC = os∠AOH · os∠COH ⇐⇒ os(α+ γ) = osα · osϕ ⇐⇒ os(γ + π6 ) = √32 · osϕ. (∗)Ǒ® ãá«®¢¨î ®á¨ á¨¬¬¥âà¨¨ ¯¥à¢®£® ¨ âà¥âì¥£® ª®ãá®¢ ¯¥à¯¥¤¨ªã«ïàë, â® ¥áâì α+β = π2 . �à®¬¥â®£®, ∠BOH = ϕ + β + γ, ¯®áª®«ìªã âà¥â¨© ¨ ç¥â¢¥àâë© ª®ãá ª á îâáï ¤àã£ ¤àã£ . �®£¤  ¯®ä®à¬ã«¥ âà¥å ª®á¨ãá®¢ ¤«ï ¯¨à ¬¨¤ë OABHosα · os(ϕ+ β + γ) = os(α+ β) = 0 ⇐⇒ os(ϕ+ β + γ) = 0⇐⇒ os(ϕ+ γ + π3 ) = 0.�®§¬®�ë ¤¢  á«ãç ï.1) ϕ+ γ + π3 = π2 , ®âªã¤  ϕ = π6 − γ.2) ϕ+ γ + π3 = 3π2 , â® ¥áâì ϕ = π + π6 − γ.� ª¨¬ ®¡à §®¬, osϕ = ± os(π6 − γ

). Ǒ®íâ®¬ã ¨§ (∗) ¬ë ¯®«ãç ¥¬
√32 · os γ − 12 · sin γ = ±

(34 · os γ + √34 · sin γ) ⇐⇒ tg γ = 2√3∓ 32±√3 = 7√3± 12. �
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C
B Π
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β+γ



� à¨ â 61. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® ä¨è¥ª ¬®�® à ááâ ¢¨âì   ª«¥âç â®© ¤®áª¥ 12 × 12 â ª,çâ®¡ë   ª �¤®© ¤¨ £® «¨ à á¯®« £ «®áì ¥ ¡®«¥¥ ¯ïâ¨ ä¨è¥ª?�â¢¥â: 94.�¥è¥¨¥. ǑãáâìD+ | ¤¨ £® «ì, á®¥¤¨ïîé ï «¥¢ë© ¨�¨© ã£®« á ¯à ¢ë¬ ¢¥àå¨¬,  D− |¤¨ £® «ì, á®¥¤¨ïîé ï ¯à ¢ë© ¨�¨© ã£®« á «¥¢ë¬ ¢¥àå¨¬. �¯®àï¤®ç¨¬ ¤¨ £® «¨, ¯ à «-«¥«ìë¥ D+, á¢¥àåã ¢¨§. Ǒïâì ¯¥à¢ëå ¨ ¯ïâì ¯®á«¥¤¨å ¤¨ £® «¥© á®¤¥à� â ¢ ®¡é¥© á«®�®áâ¨30 ª«¥â®ª, ¨§ ª®â®àëå 6 «¥� â   D−. � ç¨â,   íâ¨å ¤¥áïâ¨ ¤¨ £® «ïå ¬®�¥â à á¯®« £ âìáï¥ ¡®«¥¥ 29 ä¨è¥ª. �áâ «ìë¥ 13 ¤¨ £® «¥© á®¤¥à� â ¥ ¡®«¥¥ ç¥¬ ¯® 5 ä¨è¥ª. Ǒ®íâ®¬ã ®¡é¥¥ç¨á«® ä¨è¥ª ¥ ¯à¥¢®áå®¤¨â 29 + 5 · 13 = 94. � ááâ ®¢ª  94 ä¨è¥ª ¯®ª §     à¨áãª¥. �
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•2. � ë à §«¨çë¥ ç¨á«  a, b, c. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï

A = (a− b)2(b− c)2(c− a)2
((a− b)2 + (b − c)2 + (c− a)2)3 .�â¢¥â: 154 .�¥è¥¨¥. � ª ª ª A ¥ ¬¥ï¥âáï ¯à¨ «î¡®© ¯¥à¥áâ ®¢ª¥ ¯¥à¥¬¥ëå a, b, c, ¬ë ¬®�¥¬ áç¨â âì,çâ® a > b > c. Ǒãáâì x = a− b, y = b− c. �¨á«¨â¥«ì A à ¢¥ x2y2 (x + y)2. Ǒ®«®�¨¬ t = xy(x+ y)2 .Ǒ® ¥à ¢¥áâ¢ã �®è¨ ¤«ï áà¥¤¨å t 6 14 , ®âªã¤ 

A = x2y2 (x + y)2
(
x2 + y2 + (x+ y)2)3 = x2y2 (x+ y)2

(2(x+ y)2 − 2xy)3 = 18 · t2(1− t)3 6
18 ·

116
(1− 14)3 = 154 .� ¢¥áâ¢® à¥ «¨§ã¥âáï ¢ á«ãç ¥ x = y ( ¯à¨¬¥à, ¯à¨ a = 2, b = 1, c = 0). �3. �  áâ®à®¥ BC ®áâà®ã£®«ì®£® âà¥ã£®«ì¨ª  ABC ¢ë¡à   â®çª  D,     ¯à®¤®«�¥¨¨ áâ®-à®ë AB §  â®çªã B | â®çª  X. Ǒàï¬ë¥, ¯à®å®¤ïé¨¥ ç¥à¥§ X ¯ à ««¥«ì® BC ¨ AD, ¯¥à¥á¥-ª îâ á®®â¢¥âáâ¢¥® «ãç¨ AC ¨ CB ¢ â®çª å Y ¨ Z. Ǒãáâì M , K ¨ N | á¥à¥¤¨ë ®âà¥§ª®¢

BC, Y Z ¨ AD á®®â¢¥âáâ¢¥®. � ©¤¨â¥ ã£®« KMN .�â¢¥â: 180◦.
A
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D

X

Y

Z

M

K

N

L

P



�¥è¥¨¥ 1. Ǒãáâì L | â®çª  ¯¥à¥á¥ç¥¨ï XY á AM . � ¬¥â¨¬, çâ® XL
LY

= BM
MC

= 1, â® ¥áâì
L | á¥à¥¤¨  XY . �®£¤  LK | áà¥¤ïï «¨¨ï âà¥ã£®«ì¨ª  XY Z, ®âªã¤  LK ‖ XZ ‖ AD.Ǒà®¤®«�¨¬ «ãç LK ¨ ®¡®§ ç¨¬ â®çªã ¥£® ¯¥à¥á¥ç¥¨ï á BC ç¥à¥§ P . �à¥ã£®«ì¨ª¨ LKY ¨ PKZà ¢ë ¯® áâ®à®¥ ¨ ¤¢ã¬ ã£« ¬, ¯®íâ®¬ã LK = KP . Ǒ®áª®«ìªã LP ‖ AD, âà¥ã£®«ì¨ª¨ MLP ¨
MAD ¯®¤®¡ë,   ¯àï¬ ï MK ¡ã¤¥â ¨å ®¡é¥© ¬¥¤¨ ®©. �® MN | â®�¥ ¬¥¤¨   MAD. � ç¨â,â®çª¨ K, M , N «¥� â   ®¤®© ¯àï¬®© ¨ ∠KMN = 180◦. ��¥è¥¨¥ 2. Ǒ®«®�¨¬ ~b = −→

AB, ~c = −→
AC, λ = BX

AB
. �®£¤ 2−−→AK = −→

AZ +−→
AY = ~b+ λ

(
~b−−→

AD
)+ (1 + λ)~c = (1 + λ)(~b+ ~c )− λ

−→
AD = 2((1 + λ)−−→AM − λ

−→
AN

)
.Ǒ®á«¥ á®ªà é¥¨ï   2 ¬ë ¯®«ãç¨¬

−−→
MK = −−→

AK −−−→
AM = λ

(−−→
AM −−→

AN
) = λ

−−→
NM.� ç¨â, â®çª¨ K, M , N «¥� â   ®¤®© ¯àï¬®© ¨ ∠KMN = 180◦. �4. �®áì¬¥à¨ç ï § ¯¨áì  âãà «ì®£® ç¨á«  x | íâ®  ¯¨á  ï 2019 à § ¯®¤àï¤ ¯ à  ª ª¨å-â®æ¨äà. �¨á«® y ¯®«ãç¥® ¥ª®â®à®© ¯¥à¥áâ ®¢ª®© æ¨äà x. �®�¥â «¨ ¢®áì¬¥à¨ç ï § ¯¨áìç¨á«  x · y ¯à¥¤áâ ¢«ïâì á®¡®© ¬®£®ªà â® ¯®¢â®à¥ë© ¡«®ª ¨§ ç¥âëà¥å æ¨äà?�â¢¥â: � ,  ¯à¨¬¥à x = 3434 . . .348, y = 3344 . . .3344348, x · y = 1420 . . .14208.�¥è¥¨¥. Ǒãáâì § ¯¨áì x | íâ® ¯ à  ab, ¯®¢â®à¥ ï 2n + 1 à §. Ǒ®ª �¥¬, çâ® âà¥¡ã¥¬ë¥ç¨á«  áãé¥áâ¢ãîâ ¤«ï «î¡®£® ¥®âà¨æ â¥«ì®£® æ¥«®£® n. Ǒ®«®�¨¬

Pn = 10001 . . .00018, Mn = 101 . . .018, Nn = 7700 . . .770077018,£¤¥ § ¯¨áì Pn ¨ Mn á®¤¥à�¨â ¯® 2n+ 1 ¥¤¨¨æ,   § ¯¨áì Nn | 2n á¥¬¥à®ª.�®ª �¥¬ ¢ ç «¥, çâ® Pn = Mn ·Nn ¤«ï «î¡®£® ¥®âà¨æ â¥«ì®£® æ¥«®£® n. � ¬¥â¨¬, çâ®
Mn = 1 + 82 + . . .+ (82)2n = 84n+2 − 163 , Pn = 1 + 84 + . . .+ (84)2n = 88n+4 − 14095 =Mn · 84n+2 + 165 .�áâ «®áì ¯à®¢¥à¨âì à ¢¥áâ¢® 84n+2 + 1 = 65 ·Nn. �«ï n = 0 ®® ®ç¥¢¨¤®. �á«¨ ¯à¨ ¥ª®â®à®¬ níâ® á®®â®è¥¨¥ ¢¥à®, â®84n+6 + 1 = (84n+2 + 1) + 84n+2 · 4095 = 65 ·Nn + 65 · 63 · 84n+2 = 65 ·Nn+1.Ǒ¥à¥©¤¥¬ â¥¯¥àì ª ¢ë¡®àã ¯ àë ab ¨ ¯¥à¥áâ ®¢ª¨ æ¨äà x. �®�® ¨áª âì y ¢ ¢¨¤¥ cd · Nn,¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥

x · y = ab ·Mn · cd ·Nn = ab · cd · Pn,¨ ¢®áì¬¥à¨ç ï § ¯¨áì x·y ¯®«ãç¨âáï ¬®£®ªà âë¬ ¯®¢â®à¥¨¥¬ æ¨äà ¯à®¨§¢¥¤¥¨ï ab·cd. �ã¤¥¬áç¨â âì, çâ® c 6= d ¨ d 6= 0. � ¯¨áì y ª ª ¯¥à¥áâ ®¢ª  § ¯¨á¨ x á®áâ®¨â ¨§ æ¨äà a ¨ b (¢ ®¤¨ ª®¢®¬ª®«¨ç¥áâ¢¥). � ¤àã£®© áâ®à®ë, ¬« ¤è¨¥ æ¨äàë ç¨á«  cd ·Nn à ¢ë c ¨ d. Ǒ®íâ®¬ã {a, b} = {c, d},  ¯à®¨§¢¥¤¥¨¥ 778 · cd ¤®«�® á®¤¥à� âì ¯® ¤¢¥ æ¨äàë c ¨ d. � ¬¥â¨¬, çâ®778 · cd = 83c+ 82d− 8c− d = 83c+ 82(d− 1) + 8(7− c) + 8− d.�à¥âìï æ¨äà  778 ·cd ¥ ¬®�¥â à ¢ïâìáï d. � ç¨â, ®  à ¢  c, â® ¥áâì c = d−1. �« ¤è ï æ¨äà 778 · cd à ¢  c ¨«¨ d, ®âªã¤  8− d = d− 1 ¨«¨ 8− d = d. Ǒ¥à¢ë© á«ãç © ¥¢®§¬®�¥,   ¢â®à®© ¤ ¥â
d = 4, c = 3 ¨ 778 · cd = 33448. �®£¤  y = 3344 . . .3344348,   ¢ ª ç¥áâ¢¥ x ¬®�® ¢§ïâì 34 . . . 348 ¨«¨43 . . . 438. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ¯à¨ï«® ãç áâ¨¥ 20 ç¥«®¢¥ª. �¤  ¯®«®¢¨ â¥¨á¨áâ®¢ ®¤¥à� «  ¢ âãà¨à¥ ¯® 10 ¯®¡¥¤, ¢â®à ï ¯®«®¢¨  | ¯® 9 ¯®¡¥¤. �ª®«ìª® ¯®



¨â®£ ¬ âãà¨à  ®ª § «®áì âà®¥ª ãç áâ¨ª®¢, ®¤¥à� ¢è¨å ¢® ¢áâà¥ç å ¬¥�¤ã á®¡®© à®¢® ¯®®¤®© ¯®¡¥¤¥? �¨çì¨å ¢ â¥¨á¥ ¥ ¡ë¢ ¥â.�â¢¥â: 330.�¥è¥¨¥. � §®¢¥¬ æ¨ª«®¬ â ªãî âà®©ªã ãç áâ¨ª®¢, çâ® ¢® ¢áâà¥ç å ¬¥�¤ã á®¡®© ª �¤ë© ¨§¨å ®¤¥à� « ¯® ®¤®© ¯®¡¥¤¥. �¡®§ ç¨¬ ç¥à¥§ x ®¡é¥¥ ª®«¨ç¥áâ¢® æ¨ª«®¢,   ç¥à¥§ y | ª®«¨ç¥áâ¢®¢á¥å âà®¥ª, ¥ ®¡à §ãîé¨å æ¨ª« . �®£¤  x+y | ®¡é¥¥ ç¨á«® à §«¨çëå âà®¥ª ãç áâ¨ª®¢, ®âªã¤ 
x+ y = C320 = 1140.� áá¬®âà¨¬ â¥¯¥àì ã¯®àï¤®ç¥ë¥ âà®©ª¨ ãç áâ¨ª®¢ (A,B,C), ¢ ª®â®àëå A ¯®¡¥¤¨« B,   B¢ë¨£à « ã C. �á«¨ â¥¨á¨áâë A,B,C ¥ ®¡à §ãîâ æ¨ª« , ¨å ¬®�® ã¯®àï¤®ç¨âì ®¤®§ ç®,  ¥á«¨ ®¡à §ãîâ | âà¥¬ï á¯®á®¡ ¬¨ (¯®¤å®¤ïâ â ª�¥ æ¨ª«¨ç¥áª¨¥ ¯¥à¥áâ ®¢ª¨ âà®©ª¨). � ç¨â,®¡é¥¥ ç¨á«® ã¯®àï¤®ç¥ëå âà®¥ª à ¢® 3x+y. � ¤àã£®© áâ®à®ë, ¥á«¨ ¢ âà®©ª¥ (A,B,C) ãç áâ¨ª
B ®¤¥à� « 10 ¯®¡¥¤, â® â¥¨á¨áâ  A ¬®�® ¢ë¡à âì ¤¥¢ïâìî á¯®á®¡ ¬¨,   â¥¨á¨áâ  C | ¤¥áïâìîá¯®á®¡ ¬¨. �á«¨ �¥ B ®¤¥à� « 9 ¯®¡¥¤, â® A ¬®�® ¢ë¡à âì ¤¥áïâìî á¯®á®¡ ¬¨,   C | ¤¥¢ïâìîá¯®á®¡ ¬¨. Ǒ®íâ®¬ã ¢á¥£® ¡ã¤¥â 9·10·10+10·9·10 = 1800 ã¯®àï¤®ç¥ëå âà®¥ª, ®âªã¤  3x+y = 1800.� ª¨¬ ®¡à §®¬,

x = 12 (3x+ y − (x+ y)) = 12 (1800− 1140) = 330. �6. �à¨ ª®ãá  á ®¡é¥© ¢¥àè¨®© O ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. Ǒ¥à¢ë¥ ¤¢  ª®ãá  ¨¬¥-îâ ã£®« ¯à¨ ¢¥àè¨¥ 2π3 ,   ®áì á¨¬¬¥âà¨¨ âà¥âì¥£® ª®ãá  ¯¥à¯¥¤¨ªã«ïà  ®áï¬ á¨¬¬¥âà¨¨¯¥à¢ëå ¤¢ãå. �é¥ ®¤¨ ª®ãá á ¢¥àè¨®© O ª á ¥âáï ¢¥è¨¬ ®¡à §®¬ âà¥å ¤àã£¨å. � ©¤¨â¥¥£® ã£®« ¯à¨ ¢¥àè¨¥. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢®á¥¢®¬ á¥ç¥¨¨.)�â¢¥â: 2 artg(3√3 ) ¨«¨ 2π3 .
O

A

A'

H

C
B Π

α
ϕ

β+γ

�¥è¥¨¥. Ǒãáâì α = π3 , 2β ¨ 2γ | ã£«ë ¯à¨ ¢¥àè¨¥ á®®â¢¥âáâ¢¥® âà¥âì¥£® ¨ ç¥â¢¥àâ®£®ª®ãá®¢. �â«®�¨¬   ®áïå á¨¬¬¥âà¨¨ ¯¥à¢ëå ¤¢ãå ª®ãá®¢ à ¢ë¥ ®âà¥§ª¨ OA ¨ OA′. �¡®§ ç¨¬á¥à¥¤¨ã ®âà¥§ª  AA′ ç¥à¥§ H . �¥¤¨   OH à ¢®¡¥¤à¥®£® âà¥ã£®«ì¨ª  AOA′ ¡ã¤¥â â ª�¥ ¥£®¢ëá®â®© ¨ ¡¨áá¥ªâà¨á®©. Ǒ®íâ®¬ã OH ⊥ AA′, ¨ «ãç OH ï¢«ï¥âáï ®¡é¥© ®¡à §ãîé¥© ¯¥à¢ëå ¤¢ãåª®ãá®¢.�â¬¥â¨¬   ®áïå á¨¬¬¥âà¨¨ âà¥âì¥£® ¨ ç¥â¢¥àâ®£® ª®ãá®¢ â®çª¨ B ¨ C á®®â¢¥âáâ¢¥®. Ǒ®-ª �¥¬, çâ® «ãç¨ OB ¨ OC «¥� â ¢ ¯«®áª®áâ¨ �, á®áâ®ïé¥© ¨§ â®ç¥ª, à ¢®ã¤ «¥ëå ®â A ¨ A′.�á®, çâ® O ∈ �. Ǒ®áª®«ìªã ∠AOB = ∠A′OB = α+ β, âà¥ã£®«ì¨ª¨ AOB ¨ A′OB à ¢ë, ®âªã¤ 
AB = A′B ¨ B ∈ �. � «®£¨ç® ¯à®¢¥àï¥âáï, çâ® «ãç OC «¥�¨â ¢ �.Ǒ®«®�¨¬ ϕ = ∠COH . � ¬¥â¨¬, çâ® AOH ⊥ COH ¨ ∠AOC = α + γ, â ª ª ª ¯¥à¢ë© ¨ ç¥â¢¥à-âë© ª®ãáë ª á îâáï ¤àã£ ¤àã£ . �á¯®«ì§ãï ¤«ï ¯¨à ¬¨¤ë OACH ä®à¬ã«ã âà¥å ª®á¨ãá®¢, ¬ë¯®«ãç¨¬os∠AOC = os∠AOH · os∠COH ⇐⇒ os(α + γ) = osα · osϕ ⇐⇒ os(γ + π3 ) = 12 · osϕ. (∗)Ǒ® ãá«®¢¨î ®á¨ á¨¬¬¥âà¨¨ ¯¥à¢®£® ¨ âà¥âì¥£® ª®ãá®¢ ¯¥à¯¥¤¨ªã«ïàë, â® ¥áâì α+β = π2 . �à®¬¥â®£®, ∠BOH = ϕ + β + γ, ¯®áª®«ìªã âà¥â¨© ¨ ç¥â¢¥àâë© ª®ãá ª á îâáï ¤àã£ ¤àã£ . �®£¤  ¯®



ä®à¬ã«¥ âà¥å ª®á¨ãá®¢ ¤«ï ¯¨à ¬¨¤ë OABHosα · os(ϕ+ β + γ) = os(α+ β) = 0 ⇐⇒ os(ϕ+ β + γ) = 0⇐⇒ os(ϕ+ γ + π6 ) = 0.�®§¬®�ë ¤¢  á«ãç ï.1) ϕ+ γ + π6 = π2 , â® ¥áâì ϕ = π3 − γ. �§ ä®à¬ã«ë (∗) ¬ë ¯®«ãç ¥¬12 · os γ −
√32 · sin γ = 14 · os γ + √34 · sin γ ⇐⇒ tg γ = 3√3.2) ϕ+ γ + π6 = 3π2 , â® ¥áâì ϕ = π + π3 − γ. �®£¤ 12 · os γ −

√32 · sin γ = − 14 · os γ −
√34 · sin γ ⇐⇒ tg γ = √3⇐⇒ γ = π3 . �



� à¨ â 71. �¬¥¥âáï ®¤¨ ç¥àë© ä¥à§ì ¨ n ¡¥«ëå. Ǒà¨ ª ª®¬  ¨¡®«ìè¥¬ n íâ¨ ä¨£ãàë ¬®�® à ááâ -¢¨âì   è å¬ â®© ¤®áª¥ â ª, çâ®¡ë ¡¥«ë¥ ä¥à§¨ ¥ ¡¨«¨ ¤àã£ ¤àã£ ? �¥à§ì ¥ ¡ì¥â  áª¢®§ìç¥à¥§ ¤àã£ãî ä¨£ãàã.�â¢¥â: 9.�¥è¥¨¥. � áâà®ª¥, £¤¥ áâ®¨â ç¥àë© ä¥à§ì, ¬®�¥â ¡ëâì ¥ ¡®«¥¥ ¤¢ãå ¡¥«ëå ä¥à§¥©, ¥ ¡ìîé¨å¤àã£ ¤àã£ . � ®áâ «ìëå áâà®ª å ¥ ¬®�¥â ¡ëâì ¡®«¥¥ ®¤®£® ¡¥«®£® ä¥à§ï. � ª¨¬ ®¡à §®¬, ®¡é¥¥ç¨á«® ¡¥«ëå ä¥à§¥© ¥ ¯à¥¢®áå®¤¨â 9. Ǒà¨¬¥à ¤«ï n = 9 ¯®ª §    à¨áãª¥. �Z Z Z LZ L Z ZQZ Z Z ZZ ZQZ ZLqZ ZQZZ Z L ZZQZ Z ZZ Z ZQZ2. �¨á«  x, y, z | ã£«ë âà¥ã£®«ì¨ª . � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = sinx · sin y · sin zsinx+ sin y + sin z .�â¢¥â: 14 .�¥è¥¨¥ 1. � ¬¥â¨¬, çâ® sin z = sin(x + y). �¨á«¨â¥«ì A à ¢¥8 sin x2 os x2 sin y2 os y2 sin x+ y2 os x+ y2 ,  § ¬¥ â¥«ì A à ¢¥2 sin x+ y2 os x− y2 + 2 sin x+ y2 os x+ y2 = 4 sin x+ y2 os x2 os y2 .Ǒ®íâ®¬ã

A = 2 sin x2 sin y2 os x+ y2 = (os x− y2 − os x+ y2 ) os x+ y2 6

(1− os x+ y2 ) os x+ y2 6
14 ,â ª ª ª ¬ ªá¨¬ã¬ âà¥åç«¥  (1− t) t à ¢¥ 14 . � ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = z = π3 . ��¥è¥¨¥ 2. � áá¬®âà¨¬ âà¥ã£®«ì¨ª á ã£« ¬¨ x, y, z, ¢¯¨á ë© ¢ ®ªàã�®áâì à ¤¨ãá  12 .�â®à®ë â ª®£® âà¥ã£®«ì¨ª  ¯® â¥®à¥¬¥ á¨ãá®¢ à ¢ë sinx, sin y ¨ sin z,   ¥£® ã¤¢®¥ ï ¯«®é ¤ìà ¢  sinx · sin y · sin z. �®£¤  A | à ¤¨ãá ¢¯¨á ®© ®ªàã�®áâ¨ âà¥ã£®«ì¨ª . Ǒ®íâ®¬ã A ¥¯à¥¢®áå®¤¨â ¯®«®¢¨ë à ¤¨ãá  ¥£® ®¯¨á ®© ®ªàã�®áâ¨, â® ¥áâì 14 . � ¢¥áâ¢® à¥ «¨§ã¥âáï  ¯à ¢¨«ì®¬ âà¥ã£®«ì¨ª¥. �3. �  ®áâà®ã£®«ìë© âà¥ã£®«ì¨ª ABC. � ¥£® ¢¯¨á  ¯àï¬®ã£®«ì¨ª KLMN â ª, çâ® â®çª¨

M ¨ N «¥� â á®®â¢¥âáâ¢¥®   áâ®à® å AB ¨ AC,   â®çª¨ K ¨ L |   áâ®à®¥ BC.Ǒãáâì AD | ¬¥¤¨   âà¥ã£®«ì¨ª  ABC, E | á¥à¥¤¨  ¥£® ¢ëá®âë, ®¯ãé¥®© ¨§ ¢¥àè¨ë A,
O | â®çª  ¯¥à¥á¥ç¥¨ï ¤¨ £® «¥© ¯àï¬®ã£®«ì¨ª . � ©¤¨â¥ ã£®« DOE.�â¢¥â: 180◦.�¥è¥¨¥. Ǒãáâì AH | ¢ëá®â  âà¥ã£®«ì¨ª  ABC, P ¨ Q | á¥à¥¤¨ë ®âà¥§ª®¢ KL ¨ MNá®®â¢¥âáâ¢¥®. � ª ª ª âà¥ã£®«ì¨ª¨ AMN ¨ ABC ¯®¤®¡ë, «ãç AD ¡ã¤¥â ¬¥¤¨ ®© ¨ ¤«ï AMN ,



â® ¥áâì ® ¯à®å®¤¨â ç¥à¥§ â®çªã Q. Ǒ®áª®«ìªã PQ ‖ AH , âà¥ã£®«ì¨ª¨ QDP ¨ ADH ¯®¤®¡ë,  «ãç DO ï¢«ï¥âáï ¨å ®¡é¥© ¬¥¤¨ ®©. �® DE | â®�¥ ¬¥¤¨   ADH . Ǒ®íâ®¬ã â®çª  E «¥�¨â  «ãç¥ DO, ¨ ∠DOE = 180◦. �
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4. � ë  âãà «ìë¥ ç¨á«  x ¨ y. � ¢®áì¬¥à¨ç®© á¨áâ¥¬¥ ®¨ 4n-§ çë¥, ¯à¨ç¥¬ ¢ § ¯¨á¨
x æ¨äàë ¯®¢â®àïîâáï ç¥à¥§ ®¤ã,   ¢ § ¯¨á¨ y | ç¥à¥§ âà¨. �ª § «®áì, çâ® ¢®áì¬¥à¨ç ï§ ¯¨áì x · y á®áâ®¨â ¨§ ¯®á«¥¤®¢ â¥«ìëå ¡«®ª®¢ ¯® 4 ®¤¨ ª®¢ëå æ¨äàë. Ǒà¨ ª ª¨å n íâ®¢®§¬®�®?�â¢¥â: n ∈ {1, 2, . . . , 7}.�¥è¥¨¥. �®£®¢®à¨¬áï ¢á¥ ç¨á«  ¯¨á âì ¢ ¢®áì¬¥à¨ç®© á¨áâ¥¬¥. Ǒãáâì λ ¨ µ | ç¥âëà¥å§ ç-ë¥ ç¨á« , ®¡à §®¢ ë¥ ¬« ¤è¨¬¨ æ¨äà ¬¨ x ¨ y (â® ¥áâì λ = xmod 84 ¨ µ = ymod 84). �¨á«®

λ · µ | á¥¬¨- ¨«¨ ¢®áì¬¨§ ç®¥,   ç¥â¢¥àª  ¥£® ¬« ¤è¨å æ¨äà â ª ï �¥, ª ª ã x · y. Ǒ®íâ®¬ã ¬ë¬®�¥¬ § ¯¨á âì λ · µ = abcdzzzz = zzzz + 84 · abcd. � ¬¥â¨¬, çâ®   101 ¤¥«¨âáï «î¡®¥ ç¥âëà¥å-§ ç®¥ ç¨á«®, ã ª®â®à®£® ¯ à  áâ àè¨å æ¨äà á®¢¯ ¤ ¥â á ¯ à®© ¬« ¤è¨å. � ç áâ®áâ¨, λ ¨ zzzzªà âë 101. �®£¤ 0 = (λ · µ)mod 101 = 84 · abcdmod 101 = abcdmod 101 = (
cd− ab

)mod 101,®âªã¤  a = c ¨ b = d.Ǒ®«®�¨¬ u = zzzz, v = abab. �¨á«  x, y ¯®«ãç îâáï ã¬®�¥¨¥¬ á®®â¢¥âáâ¢¥® λ, µ   ç¨á«®
p = 1 + 84 + 88 + . . .+ 84(n−1). �®£¤ 
x · y = λ · µ · p2 = (

u+ 84v)(1 + 2 · 84 + . . .+ (n− 1) · 84(n−2) + n · 84(n−1) + (n− 1) · 84n + . . .
) == u+ (v + 2u) · 84 + (2v + 3u) · 88 + . . .+ ((n− 1)v + nu

)
· 84(n−1) + (

nv + (n− 1)u) · 84n + . . .(¡�®«ìè¨¥ áâ¥¯¥¨ 84  á ¥ ¨â¥à¥áãîâ). �â¬¥â¨¬ âà¨ ä ªâ .1) �«ï «î¡®£® k ∈ {1, . . . , n} ç¨á«® (k − 1)v + ku ç¥âëà¥å§ ç®¥. �¥©áâ¢¨â¥«ì®, ¯à¨ k = 1íâ® ®ç¥¢¨¤®. Ǒãáâì k < n ¨ ¤«ï 1, . . . , k ãâ¢¥à�¤¥¨¥ ¤®ª § ®. �¨á«® kv + (k + 1)u ¥ ¡®«¥¥ ç¥¬¯ïâ¨§ ç®¥, ¯®áª®«ìªã íâ® áã¬¬  ç¥âëà¥å§ çëå ç¨á¥« (k − 1)v + ku, u ¨ v. �á«¨ s | æ¨äà  ¢¯ïâ®¬ à §àï¤¥ kv+ (k+1)u, â® ç¨á«® kv+(k+1)u− 84s ¥áâì (k+1)-ï ç¥â¢¥àª  æ¨äà x · y, ª®â®à ï¯® ãá«®¢¨î ¯®áâ®ï  ¨, á«¥¤®¢ â¥«ì®, ªà â  101. �® ç¨á«  u ¨ v â ª�¥ ¤¥«ïâáï   101, ®âªã¤ 0 = 84smod 101 = smod 101. � ç¨â, s = 0 ¨ ç¨á«® kv + (k + 1)u ç¥âëà¥å§ ç®¥.2) �¨á«® nv + (n − 1)u ç¥âëà¥å§ ç®¥. �¥©áâ¢¨â¥«ì®, nv + (n − 1)u = (n − 1)v + nu + v − u.�á«¨ v 6 u, â® ãâ¢¥à�¤¥¨¥ áà §ã á«¥¤ã¥â ¨§ 1),   ¢ á«ãç ¥ v > u ®® ¯à®¢¥àï¥âáï â ª �¥, ª ª ¢ 1).3) v = aaaa. �¥©áâ¢¨â¥«ì®, ¢â®à ï ç¥â¢¥àª  æ¨äà x · y ªà â  11,   ¢ á¨«ã 1) ®  à ¢  v + 2u.�® u â ª�¥ ¤¥«¨âáï   11, ®âªã¤  0 = vmod 11 = ababmod 11 = 2(b− a)mod 11, â® ¥áâì b = a.� ¬¥â¨¬, çâ® a > 0, ¨ ç¥ ç¨á«® λ · µ ¡ã¤¥â ¥ ¡®«¥¥ ç¥¬ ç¥âëà¥å§ çë¬. �§ 2) ¨ 3) ¢ëâ¥ª ¥â,çâ® ç¨á«® n ·aaaa| ç¥âëà¥å§ ç®¥. � ç¨â, 7 > na > n. Ǒ®íâ®¬ã n > 7 ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î§ ¤ ç¨.



Ǒãáâì â¥¯¥àì n 6 7. Ǒ®«®�¨¬ x = 22 . . . 22 ¨ y = 4000 . . .4000. �®£¤  λ·µ = 2222·4000 = 11110000,®âªã¤ 
x · y = λ · µ · p2 = 1111 2222 . . . nnnn . . . 2222 1111 0000.� ª¨¬ ®¡à §®¬, n 6 7 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ãç áâ¢®¢ «® n â¥¨á¨áâ®¢ á à §«¨çë¬¨à¥©â¨£ ¬¨ (n > 4). �® ¢á¥å ¯ àâ¨ïå, ªà®¬¥ ¤¢ãå, ¯®¡¥¤¨« ãç áâ¨ª á ¡®«¥¥ ¢ëá®ª¨¬ à¥©â¨-£®¬, ® â¥¨á¨áâ á á ¬ë¬ ¬ «¥ìª¨¬ à¥©â¨£®¬ ¢ë¨£à « ã â¥¨á¨áâ  á á ¬ë¬ ¡®«ìè¨¬à¥©â¨£®¬,   â¥¨á¨áâ á ¯à¥¤¯®á«¥¤¨¬ à¥©â¨£®¬ ¢ë¨£à « ã â¥¨á¨áâ  á® ¢â®àë¬ à¥©-â¨£®¬. �ª®«ìª¨¬¨ á¯®á®¡ ¬¨ ¬®�® à ááâ ¢¨âì á¯®àâá¬¥®¢ ¢ àï¤ â ª, çâ® ª �¤ë© (ªà®¬¥á ¬®£® ¯à ¢®£®) ¢ë¨£à « ã á¢®¥£® á®á¥¤  á¯à ¢ ?�â¢¥â: 1 + 2n−2 + 2n−4 + 2 · 3n−4.�¥è¥¨¥. Ǒãáâì ¤«ï ¯à®áâ®âë à¥©â¨£¨ â¥¨á¨áâ®¢ à ¢ë 1, 2, . . . , n. �¤  à ááâ ®¢ª  ®ç¥-¢¨¤  | ¯® ã¡ë¢ ¨î à¥©â¨£ . � ¤àã£¨å à ááâ ®¢ª å ã¡ë¢ ¨¥  àãè ¥âáï. �â® ¬®�¥â ¯à®¨áå®-¤¨âì â®«ìª® ¨§-§  ¯à¨áãâáâ¢¨ï ¯ à á®á¥¤¥© (1, n) ¨ (2, n−1) (ª ª®©-â® ®¤®© ¨«¨ ®¡¥¨å). � áá¬®âà¨¬âà¨ á«ãç ï.1) �áâà¥ç ¥âáï â®«ìª® ¯ à  (1, n). �® ¨ ¯®á«¥ íâ®© ¯ àë ¬®�¥â ¡ëâì «î¡®¥ ª®«¨ç¥áâ¢® â¥¨-á¨áâ®¢, ® ¨å ¯®àï¤®ª ä¨ªá¨à®¢ . Ǒà¨¯¨è¥¬ á¯®àâá¬¥ã ¨¤¥ªá 0, ¥á«¨ ® áâ®¨â á«¥¢  ®â ¯ àë,¨ 1, ¥á«¨ á¯à ¢ . �«ï ª �¤®£® ¨§ ®áâ ¢è¨åáï n − 2 â¥¨á¨áâ®¢ ¤®¯ãáâ¨¬ë ®¡  ¨¤¥ªá , ¯®íâ®¬ã¢á¥£® ¡ã¤¥â 2n−2 à ááâ ®¢®ª.2) �áâà¥ç ¥âáï â®«ìª® ¯ à  (2, n−1). Ǒ®áª®«ìªã ¯ àë (n−1, n) ¨ (1, 2) ¥¤®¯ãáâ¨¬ë, â¥¨á¨áâá à¥©â¨£®¬ n ¤®«�¥ áâ®ïâì ¯¥à¢ë¬ ¢ àï¤ã,   â¥¨á¨áâ á à¥©â¨£®¬ 1 | ¯®á«¥¤¨¬. �áâ «ìë¥

n−4 á¯®àâá¬¥  ¬®£ãâ áâ®ïâì ª ª ¤® ¯ àë (2, n−1), â ª ¨ ¯®á«¥ ¥¥, ® ¢ ä¨ªá¨à®¢ ®¬ ¯®àï¤ª¥.� ª¨å à ááâ ®¢®ª ¢á¥£® 2n−4.3) �áâà¥ç îâáï ¯ àë (1, n) ¨ (2, n − 1). �î¡®© ¨§ ®áâ «ìëå n − 4 â¥¨á¨áâ®¢ ¬®�¥â à á-¯®« £ âìáï ¤® ¯¥à¢®© ¯ àë, ¬¥�¤ã ¯ à ¬¨ ¨ ¯®á«¥ ¢â®à®© ¯ àë. � ª¨å à ááâ ®¢®ª ¢á¥£® 3n−4.Ǒ®áª®«ìªã ¯ àë (1, n) ¨ (2, n− 1) ¬®£ãâ ¨¤â¨ ¢ «î¡®¬ ¯®àï¤ª¥, ¬ë ¯®«ãç ¥¬ 2 · 3n−4 ¢ à¨ â®¢.� ª¨¬ ®¡à §®¬, ¢á¥£® ¢®§¬®�® 1 + 2n−2 + 2n−4 + 2 · 3n−4 à ááâ ®¢®ª. �6. �  áâ®«¥ «¥� â âà¨ ª®ãá  á ®¡é¥© ¢¥àè¨®©, ª á ïáì ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �á¨á¨¬¬¥âà¨¨ ¯¥à¢ëå ¤¢ãå ª®ãá®¢ ¢§ ¨¬® ¯¥à¯¥¤¨ªã«ïàë. �¢  è à  ¢¯¨á ë ¢ âà¥â¨© ª®ãá¨ ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ ®â®è¥¨¥ à ¤¨ãá®¢ ¡®«ìè¥£®¨ ¬¥ìè¥£® è à®¢.�â¢¥â: 3+√52 .
O

A B

O1

O2
D

α
β

�¥è¥¨¥. Ǒãáâì 2α, 2β, 2γ | ã£«ë ¯à¨ ¢¥àè¨¥ ª®ãá®¢. �â«®�¨¬ ¥¤¨¨çë¥ ®âà¥§ª¨ OA, OB,
OC   «¥� é¨å ¢ ¯«®áª®áâ¨ áâ®«  ®¡à §ãîé¨å ª®ãá®¢. Ǒãáâì O1 ¨ O2 | â®çª¨   ®áïå á¨¬¬¥âà¨¨¯¥à¢ëå ¤¢ãå ª®ãá®¢, ¯à®¥ªæ¨ï¬¨ ª®â®àëå   áâ®« ï¢«ïîâáï â®çª¨ A ¨ B, OD | ¥¤¨¨çë©®âà¥§®ª   ®¡é¥© ®¡à §ãîé¥© íâ¨å ª®ãá®¢. �à¥ã£®«ì¨ª¨ OO1A ¨ OO1D à ¢ë ¯® ¤¢ã¬ áâ®à® ¬¨ ã£«ã, ®âªã¤  DO1 ⊥ DO ¨ DO1 = AO1 = tgα. � «®£¨çë¬ ®¡à §®¬DO2 = BO2 = tg β. Ǒ®íâ®¬ã

AB2 = O1O22 − |AO1 −BO2|2 = (tgα+ tg β)2 − (tgα− tg β)2 = 4 tgα tg β.



Ǒà¨¬¥ïï â¥ �¥ à ááã�¤¥¨ï ª ¤¢ã¬ ¤àã£¨¬ ¯ à ¬ ª®ãá®¢, ¬ë ¯®«ãç¨¬
AC2 = 4 tgα tg γ, BC2 = 4 tgβ tg γ.Ǒ® ãá«®¢¨î α + β = 90◦. � ç¨â, tgα tg β = 1 ¨ AO + OB = 2 = AB, â® ¥áâì ∠AOB = 180◦.Ǒ®áª®«ìªã OA = OB = OC, âà¥ã£®«ì¨ª ABC ¯àï¬®ã£®«ìë©. Ǒ® â¥®à¥¬¥ Ǒ¨ä £®à 4 = AB2 = AC2 +BC2 = 4 tg γ (tgα+ tgβ) = 4 tg γ (tgα+ tgα) ⇐⇒ tg γ = sinα osα = 12 sin 2α.� ç¨â, tg γ 6 12 ,   à ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ α = β = 45◦. �âáî¤  ¢ëâ¥ª ¥â, çâ® ¬ ªá¨¬ «ì®¥§ ç¥¨¥ sin γ à ¢® 1√5 .Ǒãáâì r ¨ R | à ¤¨ãáë ¬¥ìè¥£® ¨ ¡®«ìè¥£® è à®¢. Ǒ®áª®«ìªã è àë ¢¯¨á ë ¢ âà¥â¨© ª®ãá,¬ë ¯®«ãç¨¬

R− r = (R+ r) sin γ 6
R+ r√5 ⇐⇒ R

r
6

√5 + 1√5− 1 = 3 +√52 .� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ γ = artg 2. �



� à¨ â 81. �¬¥¥âáï ¤¢  ç¥àëå ä¥à§ï ¨ n ¡¥«ëå. Ǒà¨ ª ª®¬  ¨¡®«ìè¥¬ n íâ¨ ä¨£ãàë ¬®�® à ááâ ¢¨âì  è å¬ â®© ¤®áª¥ â ª, çâ®¡ë ®¤®æ¢¥âë¥ ä¥à§¨ ¥ ¡¨«¨ ¤àã£ ¤àã£ ? �¥à§ì ¥ ¡ì¥â  áª¢®§ìç¥à¥§ ¤àã£ãî ä¨£ãàã.�â¢¥â: 10.�¥è¥¨¥. �  £®à¨§®â «¨, £¤¥ áâ®¨â k ç¥àëå ä¥à§¥©, ¬®�¥â ¡ëâì ¥ ¡®«¥¥ k + 1 ¡¥«ëå.Ǒ®íâ®¬ã ®¡é¥¥ ç¨á«® ¡¥«ëå ä¥à§¥©   ¤®áª¥ ¥ ¯à¥¢®áå®¤¨â 8+2 = 10. Ǒà¨¬¥à ¤«ï n = 10 ¯®ª §   à¨áãª¥. � Z Z Z LZ Z L ZZQZ Z ZL Z lQZZ L Z ZZQl Z LZ ZQZ ZZ L Z Z2. �¨á«  x, y, z | ã£«ë âà¥ã£®«ì¨ª . � ©¤¨â¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = osx · os y · sin zosx+ os y + sin z .�â¢¥â: 14 .�¥è¥¨¥. Ǒ®«®�¨¬ x = π2 − a, y = π2 − b. �®£¤  a, b ∈

[
−π2 , π2 ] ¨ sin z = sin(a+ b). �¨á«¨â¥«ì Aà ¢¥ 8 sin a2 os a2 sin a2 os a2 sin a+ b2 os a+ b2 ,  § ¬¥ â¥«ì A à ¢¥2 sin a+ b2 os a− b2 + 2 sin a+ b2 os a+ b2 = 4 sin a+ b2 os a2 os b2 .Ǒ®íâ®¬ã

A = 2 sin a2 sin b2 os a+ b2 = (os a− b2 − os a+ b2 ) os a+ b2 6

(1− os a+ b2 ) os a+ b2 6
14 ,â ª ª ª ¬ ªá¨¬ã¬ âà¥åç«¥  (1− t) t à ¢¥ 14 . � ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = π6 , z = 2π3 . �3. �  ®áâà®ã£®«ìë© âà¥ã£®«ì¨ª ABC. � ¯àï¬®ã£®«ì¨ª  KLMN ¢¥àè¨ë M ¨ N «¥� âá®®â¢¥âáâ¢¥®     ¯à®¤®«�¥¨ïå áâ®à® AB ¨ AC §  â®çªã A,   K ¨ L |   áâ®à®¥ BC.Ǒãáâì AD | ¬¥¤¨   âà¥ã£®«ì¨ª  ABC, E | á¥à¥¤¨  ¥£® ¢ëá®âë, ®¯ãé¥®© ¨§ ¢¥àè¨ë A,

O | â®çª  ¯¥à¥á¥ç¥¨ï ¤¨ £® «¥© ¯àï¬®ã£®«ì¨ª . � ©¤¨â¥ ã£®« DEO.�â¢¥â: 180◦.
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Q



�¥è¥¨¥. Ǒãáâì AH | ¢ëá®â  âà¥ã£®«ì¨ª  ABC, P ¨ Q | á¥à¥¤¨ë ®âà¥§ª®¢ KL ¨ MNá®®â¢¥âáâ¢¥®. � ª ª ª âà¥ã£®«ì¨ª¨ AMN ¨ ABC ¯®¤®¡ë, ¯àï¬ ï AD ï¢«ï¥âáï ¨å ®¡é¥©¬¥¤¨ ®© ¨, § ç¨â, ®  ¯à®å®¤¨â ç¥à¥§ â®çªã Q. Ǒ®áª®«ìªã PQ ‖ AH , âà¥ã£®«ì¨ª¨ ADH ¨ QDP¯®¤®¡ë,   «ãç DE | ¨å ®¡é ï ¬¥¤¨  . �® DO | â®�¥ ¬¥¤¨   QDP . Ǒ®íâ®¬ã â®çª  O «¥�¨â  «ãç¥ DE, ¨ ∠DEO = 180◦. �4. � ë  âãà «ìë¥ ç¨á«  x ¨ y. � ¤¥áïâ¨ç®© á¨áâ¥¬¥ ®¨ 4n-§ çë¥, ¯à¨ç¥¬ ¢ § ¯¨á¨ xæ¨äàë ¯®¢â®àïîâáï ç¥à¥§ ®¤ã,   ¢ § ¯¨á¨ y | ç¥à¥§ âà¨. �ª § «®áì, çâ® ¤¥áïâ¨ç ï § ¯¨áì
x ·y á®áâ®¨â ¨§ ¯®á«¥¤®¢ â¥«ìëå ¡«®ª®¢ ¯® 4 ®¤¨ ª®¢ëå æ¨äàë. Ǒà¨ ª ª¨å n íâ® ¢®§¬®�®?�â¢¥â: n ∈ {1, 2, . . . , 9}.�¥è¥¨¥. �®£®¢®à¨¬áï ¢á¥ ç¨á«  ¯¨á âì ¢ ¤¥áïâ¨ç®© á¨áâ¥¬¥. Ǒãáâì λ ¨ µ | ç¥âëà¥å§ çë¥ç¨á« , ®¡à §®¢ ë¥ ¬« ¤è¨¬¨ æ¨äà ¬¨ x ¨ y (â® ¥áâì λ = xmod 104 ¨ µ = ymod 104). �¨á«®

λ · µ | á¥¬¨- ¨«¨ ¢®áì¬¨§ ç®¥,   ç¥â¢¥àª  ¥£® ¬« ¤è¨å æ¨äà â ª ï �¥, ª ª ã x · y. Ǒ®íâ®¬ã¬ë ¬®�¥¬ § ¯¨á âì λ · µ = abcdzzzz = zzzz + 104 · abcd. � ¬¥â¨¬, çâ®   101 ¤¥«¨âáï «î¡®¥ç¥âëà¥å§ ç®¥ ç¨á«®, ã ª®â®à®£® ¯ à  áâ àè¨å æ¨äà á®¢¯ ¤ ¥â á ¯ à®© ¬« ¤è¨å. � ç áâ®áâ¨, λ¨ zzzz ªà âë 101. �®£¤ 0 = (λ · µ)mod 101 = 104 · abcdmod 101 = abcdmod 101 = (
cd− ab

)mod 101,®âªã¤  a = c ¨ b = d.Ǒ®«®�¨¬ u = zzzz, v = abab. �¨á«  x, y ¯®«ãç îâáï ã¬®�¥¨¥¬ á®®â¢¥âáâ¢¥® λ, µ   ç¨á«®
p = 1 + 104 + 108 + . . .+ 104(n−1). �®£¤ 
x · y = λ · µ · p2 = (

u+104v)(1+ 2 · 104+ . . .+(n− 1) · 104(n−2)+n · 104(n−1)+(n− 1) · 104n+ . . .
) == u+ (v + 2u) · 104 + (2v + 3u) · 108 + . . .+ ((n− 1)v + nu

)
· 104(n−1) + (

nv + (n− 1)u) · 104n + . . .(¡�®«ìè¨¥ áâ¥¯¥¨ 104  á ¥ ¨â¥à¥áãîâ). �â¬¥â¨¬ âà¨ ä ªâ .1) �«ï «î¡®£® k ∈ {1, . . . , n} ç¨á«® (k − 1)v + ku ç¥âëà¥å§ ç®¥. �¥©áâ¢¨â¥«ì®, ¯à¨ k = 1íâ® ®ç¥¢¨¤®. Ǒãáâì k < n ¨ ¤«ï 1, . . . , k ãâ¢¥à�¤¥¨¥ ¤®ª § ®. �¨á«® kv + (k + 1)u ¥ ¡®«¥¥ ç¥¬¯ïâ¨§ ç®¥, ¯®áª®«ìªã íâ® áã¬¬  ç¥âëà¥å§ çëå ç¨á¥« (k − 1)v + ku, u ¨ v. �á«¨ s | æ¨äà  ¢¯ïâ®¬ à §àï¤¥ kv+(k+1)u, â® ç¨á«® kv+(k+1)u− 104s ¥áâì (k+1)-ï ç¥â¢¥àª  æ¨äà x · y, ª®â®à ï¯® ãá«®¢¨î ¯®áâ®ï  ¨, á«¥¤®¢ â¥«ì®, ªà â  101. �® ç¨á«  u ¨ v â ª�¥ ¤¥«ïâáï   101, ®âªã¤ 0 = 104smod 101 = smod 101. � ç¨â, s = 0 ¨ ç¨á«® kv + (k + 1)u ç¥âëà¥å§ ç®¥.2) �¨á«® nv + (n − 1)u ç¥âëà¥å§ ç®¥. �¥©áâ¢¨â¥«ì®, nv + (n − 1)u = (n − 1)v + nu + v − u.�á«¨ v 6 u, â® ãâ¢¥à�¤¥¨¥ áà §ã á«¥¤ã¥â ¨§ 1),   ¢ á«ãç ¥ v > u ®® ¯à®¢¥àï¥âáï â ª �¥, ª ª ¢ 1).3) v = aaaa. �¥©áâ¢¨â¥«ì®, ¢â®à ï ç¥â¢¥àª  æ¨äà x · y ªà â  11,   ¢ á¨«ã 1) ®  à ¢  v + 2u.�® u â ª�¥ ¤¥«¨âáï   11, ®âªã¤  0 = vmod 11 = ababmod 11 = 2(b− a)mod 11, â® ¥áâì b = a.� ¬¥â¨¬, çâ® a > 0, ¨ ç¥ ç¨á«® λ · µ ¡ã¤¥â ¥ ¡®«¥¥ ç¥¬ ç¥âëà¥å§ çë¬. �§ 2) ¨ 3) ¢ëâ¥ª ¥â,çâ® ç¨á«® n ·aaaa| ç¥âëà¥å§ ç®¥. � ç¨â, 9 > na > n. Ǒ®íâ®¬ã n > 9 ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î§ ¤ ç¨.Ǒãáâì â¥¯¥àì n 6 9. Ǒ®«®�¨¬ x = 16 . . . 16 ¨ y = 6875 . . .6875. �®£¤  λ·µ = 1616·6875 = 11110000,®âªã¤ 
x · y = λ · µ · p2 = 1111 2222 . . . nnnn . . . 2222 1111 0000.� ª¨¬ ®¡à §®¬, n 6 9 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ãç áâ¢®¢ «® n á¯®àâá¬¥®¢ (n > 3). Ǒ®¨â®£ ¬ âãà¨à  ®ª § «®áì, çâ® ¢á¥å ãç áâ¨ª®¢ ¬®�® à áá ¤¨âì §  ªàã£«ë¬ áâ®«®¬ â ª,çâ® ¤«ï ¯à®¨§¢®«ì®© ¯ àë á®á¥¤¥© A ¨ B «î¡®© â¥¨á¨áâ, ®â«¨çë© ®â A ¨ B, ¯à®¨£à «å®âï ¡ë ®¤®¬ã ¨§ â¥¨á¨áâ®¢ A ¨ B. Ǒà¨ ª ª¨å n â ª®¥ ¢®§¬®�®?�â¢¥â: ¯à¨ ¥ç¥âëå n.



�¥è¥¨¥. Ǒ®ª �¥¬, çâ® ¤«ï ¥ç¥â®£® n ¨áª®¬ ï à áá ¤ª  áãé¥áâ¢ã¥â. Ǒãáâì n = 2k + 1.Ǒ®âà¥¡ã¥¬, çâ®¡ë ª �¤ë© â¥¨á¨áâ ¢ë¨£à « ã ¢á¥å á®¯¥à¨ª®¢, á¨¤ïé¨å ®â ¥£® ç¥à¥§ 2, 4, . . . , 2kç¥«®¢¥ª ¢¯à ¢®,   ®áâ «ìë¬ ¯à®¨£à «. �â® à á¯®«®�¥¨¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨.Ǒãáâì â¥¯¥àì n = 2k. �®ª �¥¬, çâ® «¨¡® «î¡®© â¥¨á¨áâ ¢ë¨£à « ã á¢®¥£® á®á¥¤  á«¥¢ , «¨¡®«î¡®© â¥¨á¨áâ ¢ë¨£à « ã á¢®¥£® á®á¥¤  á¯à ¢ . �«ï íâ®£® ¤®áâ â®ç® ¯à®¢¥à¨âì, çâ® ¥á«¨ A,B,Cá¨¤ïâ §  áâ®«®¬ ¯®¤àï¤ ¨ A ¢ë¨£à « ã B, â® B ¢ë¨£à « ã C. �á«¨ á¯®àâá¬¥ A ¢ë¨£à « ã B, â®¯® ãá«®¢¨î ® ¤®«�¥ ¯à®¨£à âì C. �® â¥¨á¨áâ C ¤®«�¥ ¯à®¨£à âì ª®¬ã-â® ¨§ ¯ àë (A,B), ¨â ª¨¬ á®¯¥à¨ª®¬ ¬®�¥â ¡ëâì â®«ìª® B.Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ ª �¤ë© â¥¨á¨áâ ¯à®¨£à « á¢®¥¬ã á®á¥¤ã á«¥¢ . �®§ì¬¥¬ ¯à®¨§¢®«ì-®£® â¥¨á¨áâ  A, á¨¤ïé¥£® §  áâ®«®¬. �¯à ¢  ®â ¥£®  å®¤¨âáï k− 1 ¯ à á®á¥¤¥©, ¨ ¢ ª �¤®© ¨§¯ à ¯® ãá«®¢¨î ¥áâì á®¯¥à¨ª, ª®â®à®¬ã A ¯à®¨£à «. �à®¬¥ â®£®, A ¯à®¨£à « á®á¥¤ã á«¥¢ . � ª¨¬®¡à §®¬, ª �¤ë© â¥¨á¨áâ ¯®â¥à¯¥« ¥ ¬¥¥¥ k ¯®à �¥¨©,   ¢¬¥áâ¥ ®¨ ¯à®¨£à «¨ ¥ ¬¥¥¥ 2k2¨£à. �® íâ® ¥¢®§¬®�®, ¯®áª®«ìªã ¢á¥£® ¡ë«® áë£à ® «¨èì k(2k − 1) ¯ àâ¨©. �6. �  áâ®«¥ «¥� â âà¨ ª®ãá  á ®¡é¥© ¢¥àè¨®©, ª á ïáì ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �á¨á¨¬¬¥âà¨¨ ¯¥à¢ëå ¤¢ãå ª®ãá®¢ ¢§ ¨¬® ¯¥à¯¥¤¨ªã«ïàë. �£®« ¯à¨ ¢¥àè¨¥ ¯¥à¢®£® ª®ãá à ¢¥ arsin 56 . �¢  è à  ¢¯¨á ë ¢ âà¥â¨© ª®ãá ¨ ª á îâáï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬.� ©¤¨â¥ ®â®è¥¨¥ à ¤¨ãá®¢ è à®¢ (¡®«ìè¥£® ª ¬¥ìè¥¬ã).�â¢¥â: 9 : 4.
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�¥è¥¨¥. Ǒãáâì 2α, 2β, 2γ | ã£«ë ¯à¨ ¢¥àè¨¥ ª®ãá®¢. �â«®�¨¬ ¥¤¨¨çë¥ ®âà¥§ª¨ OA, OB,
OC   «¥� é¨å ¢ ¯«®áª®áâ¨ áâ®«  ®¡à §ãîé¨å ª®ãá®¢. Ǒãáâì O1 ¨ O2 | â®çª¨   ®áïå á¨¬¬¥âà¨¨¯¥à¢ëå ¤¢ãå ª®ãá®¢, ¯à®¥ªæ¨ï¬¨ ª®â®àëå   áâ®« ï¢«ïîâáï â®çª¨ A ¨ B, OD | ¥¤¨¨çë©®âà¥§®ª   ®¡é¥© ®¡à §ãîé¥© íâ¨å ª®ãá®¢. �à¥ã£®«ì¨ª¨ OO1A ¨ OO1D à ¢ë ¯® ¤¢ã¬ áâ®à® ¬¨ ã£«ã, ®âªã¤  DO1 ⊥ DO ¨ DO1 = AO1 = tgα. � «®£¨çë¬ ®¡à §®¬DO2 = BO2 = tg β. Ǒ®íâ®¬ã

AB2 = O1O22 − |AO1 −BO2|2 = (tgα+ tg β)2 − (tgα− tg β)2 = 4 tgα tg β.Ǒà¨¬¥ïï â¥ �¥ à ááã�¤¥¨ï ª ¤¢ã¬ ¤àã£¨¬ ¯ à ¬ ª®ãá®¢, ¬ë ¯®«ãç¨¬
AC2 = 4 tgα tg γ, BC2 = 4 tgβ tg γ.Ǒ® ãá«®¢¨î α + β = 90◦. � ç¨â, tgα tg β = 1 ¨ AO + OB = 2 = AB, â® ¥áâì ∠AOB = 180◦.Ǒ®áª®«ìªã OA = OB = OC, âà¥ã£®«ì¨ª ABC ¯àï¬®ã£®«ìë©. Ǒ® â¥®à¥¬¥ Ǒ¨ä £®à 4 = AB2 = AC2 +BC2 = 4 tg γ (tgα+ tgα) ⇐⇒ tg γ = sinα osα = 12 sin 2α = 512 ⇐⇒ sin γ = 513 .Ǒãáâì r ¨ R | à ¤¨ãáë ¬¥ìè¥£® ¨ ¡®«ìè¥£® è à®¢. Ǒ®áª®«ìªã è àë ¢¯¨á ë ¢ âà¥â¨© ª®ãá,¬ë ¯®«ãç¨¬

R− r = (R + r) sin γ ⇐⇒ 5(R+ r) = 13(R− r) ⇐⇒ R
r
= 94 . �



� à¨ â 91. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® « ¤¥© ¬®�® à ááâ ¢¨âì   è å¬ â®© ¤®áª¥ â ª, çâ®¡ë ª �-¤ãî « ¤ìî ¡¨«® ¥ ¡®«¥¥ âà¥å ¤àã£¨å? � ¤ìï ¥ ¡ì¥â  áª¢®§ì ç¥à¥§ ¤àã£ãî ä¨£ãàã.�â¢¥â: 28.�¥è¥¨¥. Ǒãáâì n| ç¨á«® ¥ªà ¥¢ëå « ¤¥©. � �¤ ï â ª ï « ¤ìï ¡ì¥â å®âï ¡ë ®¤ã á¢®¡®¤ãîªà ¥¢ãî ª«¥âªã (¨ ç¥ ®  ¡¨«  ¡ë ç¥âëà¥ « ¤ì¨, § ªàë¢ îé¨¥ íâ¨ ª«¥âª¨). � ç¨â,   ¯¥à¨¬¥âà¥¤®áª¨ ¨¬¥¥âáï ¯® ªà ©¥© ¬¥à¥ n ¯ãáâëå ª«¥â®ª,     ¥ª®â®àëå ¨§ ®áâ «ìëå 28 − n ª«¥â®ª¯¥à¨¬¥âà  ¬®£ãâ áâ®ïâì « ¤ì¨. � ª¨¬ ®¡à §®¬, ¢á¥£®   ¤®áª¥ ¬®�¥â ¡ëâì ¥ ¡®«¥¥ n+28−n = 28« ¤¥©. Ǒà¨¬¥à ¤«ï 28 « ¤¥© ¬®�® ¯®«ãç¨âì, à ááâ ¢¨¢ « ¤ì¨ ¯® ¯¥à¨¬¥âàã ¤®áª¨. �2. �¨á«  x, y, z | ã£«ë âà¥ã£®«ì¨ª , ¯à¨ç¥¬ ¡®«ìè¨© ã£®« z ¥ ¯à¥¢®áå®¤¨â π2 . � ©¤¨â¥ ¬ ªá¨-¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = √sinx · sin(z − y) +√sin y · sin(z − x).�â¢¥â: √2.�¥è¥¨¥. � á¨«ã ¥à ¢¥áâ¢  �®è¨ ¤«ï áà¥¤¨å

A 6 12 (sinx+ sin(z − y) + sin y + sin(z − x)) = 12 (sinx+ sin(x+ 2y) + sin y + sin(2x+ y)) == sin(x+ y) os y + sin(x+ y) osx = sin(x+ y)(osx+ os y).Ǒ®«®�¨¬ B = sin(x+ y)(osx+ os y). � ¬¥â¨¬, çâ® x+ y = π− z > π2 . �á«¨ x+ y > π2 , â® § ¬¥¨¬
y   π2 −x. Ǒà¨ íâ®¬ ã¢¥«¨ç âáï sin(x+ y) ¨ os y,   § ç¨â, ¨ B. Ǒ®íâ®¬ã ¬ ªá¨¬ã¬ B ¤®áâ¨£ ¥âáï¯à¨ x+ y = π2 . � íâ®¬ á«ãç ¥

B = osx+ sinx = √2 sin(x+ π4 ) 6 √2.� ª¨¬ ®¡à §®¬, A 6 B 6
√2. � ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ x = y = π4 , z = π2 . �3. �  ç¥âëà¥åã£®«ì¨ª ABCD, ®â«¨çë© ®â ¯ à ««¥«®£à ¬¬ . �  áâ®à® å AB, BC, CD ¨ DA¢ë¡¨à îâáï á®®â¢¥âáâ¢¥® â®çª¨ K, L, M ¨ N â ª, çâ® KL ‖ MN ‖ AC ¨ LM ‖ KN ‖ BD.� ©¤¨â¥ £¥®¬¥âà¨ç¥áª®¥ ¬¥áâ® â®ç¥ª ¯¥à¥á¥ç¥¨ï ¤¨ £® «¥© ¯ à ««¥«®£à ¬¬  KLMN .�â¢¥â: ¨â¥à¢ « á ª®æ ¬¨ ¢ á¥à¥¤¨ å ¤¨ £® «¥© ABCD.

OA

B

C

D

K L

MN

E

F

G

T P
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�¥è¥¨¥. Ǒãáâì O ¨ T| â®çª¨ ¯¥à¥á¥ç¥¨ï AC á®®â¢¥âáâ¢¥® á BD ¨ KN , E | â®çª ¯¥à¥á¥ç¥¨ï ¤¨ £® «¥© KLMN . Ǒà®¢¥¤¥¬ ç¥à¥§ E ¯àï¬ë¥, ¯ à ««¥«ìë¥ ¤¨ £® «ï¬ ABCD, ¨®¡®§ ç¨¬ â®çª¨ ¨å ¯¥à¥á¥ç¥¨ï á AC ¨ BD ç¥à¥§ F ¨ G á®®â¢¥âáâ¢¥® (á¬. à¨áã®ª). Ǒ®«®�¨¬
λ = AK

AB
, x = AO, y = OC. �®£¤ 

AF = AT + TF = AT + 12 KL = λ ·AO + 12 (1− λ) · AC = λx+ 12 (1− λ)(x + y).



Ǒãáâì P ¨ Q | á¥à¥¤¨ë ®âà¥§ª®¢ AC ¨ BD á®®â¢¥âáâ¢¥®. � ¬¥â¨¬, çâ®
AO −AF = x− λx− 12 (1− λ)(x + y) = (1− λ)(x− 12 (x+ y)) = (1− λ)(AO −AP ).Ǒ®íâ®¬ã â®çª¨ P ¨ F «¥� â ¯® ®¤ã áâ®à®ã ®â O ¨ FO = (1− λ) · PO, ®âªã¤  PF = λ · PO.� «®£¨çë¥ à ááã�¤¥¨ï ¤«ï ¤¨ £® «¨ BD ¯®ª §ë¢ îâ, çâ® Q ¨ G «¥� â ¯® ®¤ã áâ®à®ã®â O ¨ GO = λ · QO. �®£¤  EF = λ · QO, ¨ âà¥ã£®«ì¨ª PEF ¯®¤®¡¥ PQO á ª®íää¨æ¨¥â®¬ λ.�§ ãá«®¢¨ï ¢ëâ¥ª ¥â, çâ® P 6= Q. Ǒ®íâ®¬ã â®çª  E «¥�¨â   ®âà¥§ª¥ PQ ¨ ¤¥«¨â ¥£® ¢ ®â®è¥¨¨

λ : (1 − λ). Ǒ®áª®«ìªã λ | ¯à®¨§¢®«ì®¥ ç¨á«® ¨§ (0, 1), â ª¨¥ â®çª¨ E § ¯®«ïîâ á®¡®© ¢¥áì¨â¥à¢ « (P,Q). �4. � âãà «ì®¥ ç¨á«® x ¢ ¢®áì¬¥à¨ç®© á¨áâ¥¬¥ 2019-§ ç®¥, ¥£® ¬« ¤è ï æ¨äà  à ¢  3,   ¢á¥®áâ «ìë¥ æ¨äàë ®â«¨çë ®â 3 ¨ á®¢¯ ¤ îâ ç¥à¥§ ®¤ã. �¨á«® y ¯®«ãç ¥âáï § ¯¨áìî æ¨äà x¢ ®¡à â®¬ ¯®àï¤ª¥. �ª § «®áì, çâ® ¢®áì¬¥à¨ç®¥ ¯à¥¤áâ ¢«¥¨¥ x ·y á®¤¥à�¨â â®«ìª® æ¨äàë1 ¨ 6. � ©¤¨â¥ x · y (¢ ¢®áì¬¥à¨ç®© á¨áâ¥¬¥).�â¢¥â: x · y = 11616 . . .16
︸ ︷︷ ︸2018 1 1616 . . .16

︸ ︷︷ ︸2018 ¯à¨ x = 25 . . . 25
︸ ︷︷ ︸2018 3.�¥è¥¨¥ 1. �¥è¨¬ § ¤ çã ¤«ï (2n+1)-§ ç®£® x. �®£®¢®à¨¬áï ¢®áì¬¥à¨çë¥ ç¨á«  ¯¨á âì ¢áª®¡ª å, çâ®¡ë ®â«¨ç âì ¨å ®â ¤¥áïâ¨çëå. Ǒ®«®�¨¬

x = ( ab . . . ab
︸ ︷︷ ︸2n æ¨äà 3), y = (3 ba . . . ba

︸ ︷︷ ︸2n æ¨äà ).�« ¤è ï æ¨äà  x · y à ¢  3amod 8. Ǒà¨ a 6= 3 ®  ¥ ¬®�¥â ¡ëâì 1,   á 6 á®¢¯ ¤ ¥â â®«ìª® ¯à¨
a = 2. � ª ª ª 3a < 8, á«¥¤ãîé ï æ¨äà  x · y à ¢  b (a + 3)mod 8 = 5bmod 8. �â® ¤ ¥â 1 ¯à¨
b = 5 ¨ 6 ¯à¨ b = 6. �â®à®© á«ãç © ¥ ¯®¤å®¤¨â, ¯®áª®«ìªã ¢ ¯à®¨§¢¥¤¥¨¨ (26 . . . 263) · (362 . . .62)¢ ç¥â¢¥àâ®¬ à §àï¤¥ ®ª �¥âáï 4. � ª¨¬ ®¡à §®¬, x = (25 . . . 253) ¨ y = (352 . . .52).�ë ¯®ª  ¥ § ¥¬, ã¤®¢«¥â¢®àïîâ «¨  ©¤¥ë¥ x ¨ y ãá«®¢¨î § ¤ ç¨. �â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬¨ ¯®«ãç¨âì ®â¢¥â, ¥®¡å®¤¨¬® ¢ëç¨á«¨âì x · y. � ¬¥â¨¬, çâ®

y − x = (7 . . . 7) = 82n − 1, 2x+ y = (52 . . .526) + (352 . . .52) = (11) · 82n = 9 · 82n,®âªã¤  3x = 2x+ y − (y − x) = 82n+1 + 1, 3y = 2(y − x) + 2x+ y = 11 · 82n − 2.Ǒ¥à¥¬®�¨¬ íâ¨ à ¢¥áâ¢  ¨ ¯®¤¥«¨¬ à¥§ã«ìâ â   9. �ë ¯®«ãç¨¬
xy = (82n+1 + 1)(11 · 82n − 2)9 = (82n+1 + 1) · (82n + 2 · 82n − 19 )

.�¨á«¨â¥«ì ¨ § ¬¥ â¥«ì ¤à®¡¨ ¢ ¯à ¢®© ç áâ¨ à ¢ë á®®â¢¥âáâ¢¥® (777 . . .7) ¨ (11), ¯®íâ®¬ãç áâ®¥ à ¢® (70707 . . .07) (¢ ¥¬ ä¨£ãà¨àã¥â n á¥¬¥à®ª). �®£¤ 
xy = (82n+1 + 1) · (1 16 . . .16

︸ ︷︷ ︸2n æ¨äà ) = (1 16 . . .16
︸ ︷︷ ︸2n æ¨äà 1 16 . . .16︸ ︷︷ ︸2n æ¨äà ). ��¥è¥¨¥ 2. �¥è¨¬ § ¤ çã ¤«ï (2n+1)-§ ç®£® x. �®£®¢®à¨¬áï ¯¨á âì ç¨á«  ¢ ¢®áì¬¥à¨ç®©á¨áâ¥¬¥. Ǒ®«®�¨¬

xn = ab . . . ab
︸ ︷︷ ︸2n æ¨äà 3, yn = 3 ba . . . ba

︸ ︷︷ ︸2n æ¨äà .�« ¤è ï æ¨äà  xn · yn à ¢  3amod 8. Ǒà¨ a 6= 3 ®  ¥ ¬®�¥â ¡ëâì 1,   á 6 á®¢¯ ¤ ¥â â®«ìª®¯à¨ a = 2. � ª ª ª 3a < 8, á«¥¤ãîé ï æ¨äà  xn · yn à ¢  (a + 3)bmod 8 = 5bmod 8. �â® ¤ ¥â 1



¯à¨ b = 5 ¨ 6 ¯à¨ b = 6. �â®à®© á«ãç © ¥ ¯®¤å®¤¨â, ¯®áª®«ìªã ¢ ¯à®¨§¢¥¤¥¨¨ 26 . . . 263 · 362 . . . 62¢ ç¥â¢¥àâ®¬ à §àï¤¥ ®ª �¥âáï 4.�®ª �¥¬ ¯® ¨¤ãªæ¨¨, çâ®25 . . . 25
︸ ︷︷ ︸2n æ¨äà 3 · 3 52 . . .52︸ ︷︷ ︸2n æ¨äà = 11 61 . . .61

︸ ︷︷ ︸2n æ¨äà 16 . . .16︸ ︷︷ ︸2n æ¨äà .� §  ¨¤ãªæ¨¨ ®ç¥¢¨¤ : 253 · 352 = 116116. Ǒà¥¤¯®«®�¨¬, çâ® ¤«ï ¥ª®â®à®£® n ãâ¢¥à�¤¥¨¥¤®ª § ®. � ¬¥â¨¬, çâ®
xn+1 = 25 . . . 25

︸ ︷︷ ︸2n æ¨äà 300− 25 = 82xn − 25, yn+1 = 352 . . .52
︸ ︷︷ ︸2n æ¨äà 00 + 52 = 82yn + 52 = 82yn + 2 · 25.�®á¯®«ì§ã¥¬áï ä®à¬ã«®© 25 (2xn − yn) = 43 0 . . .0
︸ ︷︷ ︸2n−2 34, (∗)ª®â®àãî ¯à®¢¥à¨¬ ¨�¥. �ë ¯®«ãç¨¬

xn+1 ·yn+1 = 84 ·xn ·yn+25 ·82 (2xn−yn)−25 ·52 = 11 61 . . .61
︸ ︷︷ ︸2n 16 . . .16

︸ ︷︷ ︸2n 0000+43 0 . . .0
︸ ︷︷ ︸2n−2 3400−1562 == 11 61 . . .61

︸ ︷︷ ︸2n+2 16 . . .16
︸ ︷︷ ︸2n−2 0000+ 3400− 1562 = 11 61 . . .61

︸ ︷︷ ︸2n+2 16 . . . 16
︸ ︷︷ ︸2n+2 ,çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.�áâ «®áì ¯à®¢¥à¨âì à ¢¥áâ¢® (∗). Ǒ®«®�¨¬ z = 52 . . .52

︸ ︷︷ ︸2n æ¨äà . �®£¤ 2xn = 52 . . . 52
︸ ︷︷ ︸2n æ¨äà 6 = 8z + 6, yn = z + 3 · 82n.� ¬¥â¨¬, çâ® 25z = 15 7 . . .7
︸ ︷︷ ︸2n−2 62 = 16 · 82n − 16 = 16 (82n − 1).Ǒ®íâ®¬ã25 (2xn − yn) = 25 (7z + 6− 3 · 82n) = 7 · 16 (82n − 1) + 25 · 6− 3 · 25 · 82n == 82n(7 · 16− 3 · 25) + 6 · 25− 7 · 16 = 43 · 82n + 34 = 43 0 . . .0

︸ ︷︷ ︸2n−2 34. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ãç áâ¢®¢ «® 100 á¯®àâá¬¥®¢, ¯à¨ç¥¬ ¨®¤¨ ¨§ ¨å ¥ ¢ë¨£à « ¢á¥ ¬ âç¨. �ã¤¥¬ £®¢®à¨âì, çâ® ¨£à®ª A ªàãç¥ ¨£à®ª  B, ¥á«¨ A ¢ë¨£à «ã B ¨«¨  ©¤¥âáï â ª®© ¨£à®ª C, çâ® A ¢ë¨£à « ã C,   C ¢ë¨£à « ã B. � ª®¢®  ¨¬¥ìè¥¥ª®«¨ç¥áâ¢® â¥¨á¨áâ®¢, ®ª § ¢è¨åáï ¯® ¨â®£ ¬ âãà¨à  ªàãç¥ ¢á¥å ®áâ «ìëå? �¨çì¨å ¢â¥¨á¥ ¥ ¡ë¢ ¥â.�â¢¥â: 3.�¥è¥¨¥. �®ª �¥¬ ¢ ç «¥ «¥¬¬ã: ¢ ¯à®¨§¢®«ì®¬ âãà¨à¥ â¥¨á¨áâ X, ®¤¥à� ¢è¨©  ¨-¡®«ìè¥¥ ç¨á«® ¯®¡¥¤, ªàãç¥ ¢á¥å. �¥©áâ¢¨â¥«ì®, ¯ãáâì Y | ¤àã£®© ãç áâ¨ª âãà¨à . �á«¨â¥¨á¨áâ X ¢ë¨£à « ã Y , â® ® ªàãç¥ Y . � ¯à®â¨¢®¬ á«ãç ¥ Y ¤®«�¥ ¡ë« ¯à®¨£à âì ª®¬ã-â® ¨§á®¯¥à¨ª®¢, ã ª®â®àëå X ¢ë¨£à «, ¨ ç¥ Y ®¤¥à� « ¡ë ¡®«ìè¥ ¯®¡¥¤, ç¥¬ X . �ë á®¢  ¯®«ãç ¥¬,çâ® X ªàãç¥ Y , ¨ «¥¬¬  ¤®ª §  .



� áá¬®âà¨¬ â¥¯¥àì âãà¨à, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î § ¤ ç¨. Ǒãáâì â¥¨á¨áâ A ®¤¥à� « ¢¥¬  ¨¡®«ìè¥¥ ç¨á«® ¯®¡¥¤. � á¨«ã «¥¬¬ë A ªàãç¥ ¢á¥å. �¡®§ ç¨¬ ç¨á«® ¯®¡¥¤ A ç¥à¥§ k ¨§ ¬¥â¨¬, çâ® k < 99, ¯®áª®«ìªã A ¢ë¨£à « ¥ ¢á¥ ¬ âç¨. Ǒà¥¤¯®«®�¨¬, çâ® A ¯®¡¥¤¨« â¥¨á¨áâ®¢
B1, . . . , Bk ¨ ¯à®¨£à « á®¯¥à¨ª ¬ C1, . . . , C99−k. �á«¨ ãç¨âë¢ âì â®«ìª® à¥§ã«ìâ âë ¨£à ¬¥�¤ã
C1, . . . , C99−k, â® ¢ íâ®¬ ¬¨¨-âãà¨à¥ ¯® «¥¬¬¥  ©¤¥âáï ãç áâ¨ª C∗, ª®â®àë© ªàãç¥ ¢á¥å. �à®¬¥â®£®, â¥¨á¨áâ C∗ ¢ë¨£à « ã A, ¯®íâ®¬ã ® ªàãç¥ ª ª A, â ª ¨ á¯®àâá¬¥®¢ B1, . . . , Bk, ª®â®àë¥
A ¯à®¨£à «¨. � ª¨¬ ®¡à §®¬, C∗ ªàãç¥ ®áâ «ìëå ãç áâ¨ª®¢ ¢á¥£® âãà¨à .� ¬¥â¨¬, çâ® ¯® ãá«®¢¨î C∗ ¤®«�¥ ¯à®¨£à âì ª®¬ã-â® ¨§ á®¯¥à¨ª®¢. Ǒãáâì D1, . . . , Dm | ¢á¥ãç áâ¨ª¨, ¢ë¨£à ¢è¨¥ ã C∗. Ǒ® «¥¬¬¥ ¢ ¬¨¨-âãà¨à¥ D1, . . . , Dm  ©¤¥âáï â¥¨á¨áâ D∗, ª®â®-àë© ªàãç¥ ¢á¥å. �à®¬¥ â®£®, D∗ ªàãç¥ «î¡®£® ãç áâ¨ª  E ¥ ¨§ íâ®£® ¬¨¨-âãà¨à , ¯®áª®«ìªã
D∗ ¢ë¨£à « ã C∗,   C∗ | ã E. � ç¨â, D∗ ªàãç¥ ®áâ «ìëå ãç áâ¨ª®¢ ¢á¥£® âãà¨à .� ª¨¬ ®¡à §®¬, ¢á¥£¤  áãé¥áâ¢ãîâ ¯® ªà ©¥© ¬¥à¥ âà¨ â¥¨á¨áâ  (A, C∗ ¨ D∗), ª®â®àë¥ ªàãç¥¢á¥å. Ǒà¨¢¥¤¥¬ ¯à¨¬¥à âãà¨à , ¢ ª®â®à®¬ â ª¨å ãç áâ¨ª®¢ à®¢® 3. Ǒãáâì âà®¥ â¥¨á¨áâ®¢®¤¥à� «¨ ¯® ®¤®© ¯®¡¥¤¥ ¢ «¨çëå ¢áâà¥ç å ¨ ¢ë¨£à «¨ ã ¢á¥å ®áâ «ìëå. �®£¤  ª �¤ë© ¨§ íâ®©âà®©ª¨ ªàãç¥ ¢á¥å, ® ¨ªâ® ¨§ ®áâ «ìëå ãç áâ¨ª®¢ ¨å ¥ ªàãç¥. �6. �  áâ®«¥ «¥� â ¤¢  ª®ãá  á ®¡é¥© ¢¥àè¨®© O, ª á ïáì ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �£®«¬¥�¤ã ¨å ®áï¬¨ á¨¬¬¥âà¨¨ à ¢¥ artg 43 . � ©¤¨â¥ ¬ ªá¨¬ «ìë© ã£®« ¯à¨ ¢¥àè¨¥ ¬¥ìè¥£®¨§ ¤¢ãå ª®ãá®¢ á ¢¥àè¨®© O, ª®â®àë¥ «¥� â   áâ®«¥ ¨ ª á îâáï ¢¥è¨¬ ®¡à §®¬ ¯¥à¢ëå¤¢ãå ª®ãá®¢. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬á¥ç¥¨¨.)�â¢¥â: 2 artg(4 + 2√3 ).
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A B

C�¥è¥¨¥. Ǒãáâì 2α, 2β, 2γ | ã£«ë ¯à¨ ¢¥àè¨¥ ª®ãá®¢. �â«®�¨¬ ¥¤¨¨çë¥ ®âà¥§ª¨ OA, OB,
OC   «¥� é¨å ¢ ¯«®áª®áâ¨ áâ®«  ®¡à §ãîé¨å ª®ãá®¢. Ǒãáâì O1 ¨ O2 | â®çª¨   ®áïå á¨¬¬¥âà¨¨¯¥à¢ëå ¤¢ãå ª®ãá®¢, ¯à®¥ªæ¨ï¬¨ ª®â®àëå   áâ®« ï¢«ïîâáï â®çª¨ A ¨ B, OD | ¥¤¨¨çë©®âà¥§®ª   ®¡é¥© ®¡à §ãîé¥© íâ¨å ª®ãá®¢. �à¥ã£®«ì¨ª¨ OO1A ¨ OO1D à ¢ë ¯® ¤¢ã¬ áâ®à® ¬¨ ã£«ã, ®âªã¤  DO1 ⊥ DO ¨ DO1 = AO1 = tgα. � «®£¨çë¬ ®¡à §®¬DO2 = BO2 = tg β. Ǒ®íâ®¬ã

AB2 = O1O22 − |AO1 −BO2|2 = (tgα+ tg β)2 − (tgα− tg β)2 = 4 tgα tg β.Ǒà¨¬¥ïï â¥ �¥ à ááã�¤¥¨ï ª ¤¢ã¬ ¤àã£¨¬ ¯ à ¬ ª®ãá®¢, ¬ë ¯®«ãç¨¬
AC2 = 4 tgα tg γ, BC2 = 4 tgβ tg γ.Ǒãáâì ϕ = ∠AOB. Ǒ®áª®«ìªã  ¬ ã�¥ ¬¥ìè¨© ¨§ ¤¢ãå ¢®§¬®�ëå âà¥âì¨å ª®ãá®¢, «ãç OC«¥�¨â ¢ãâà¨ ã£«  AOB. �®£¤  (á¬. ¯à ¢ë© à¨áã®ª)2∠ACB = 2∠ACO+2∠OCB = π−∠AOC + π−∠BOC = 2π−∠AOB = 2π−ϕ =⇒ ∠ACB = π− ϕ2 .� ¬¥â¨¬, çâ® sin ϕ2 = AB2AO =√tgα tg β ¨ os∠ACB = − os ϕ2 = −

√1− tgα tg β.



Ǒ® â¥®à¥¬¥ ª®á¨ãá®¢ ¤«ï âà¥ã£®«ì¨ª  ABC

−
√1− tgα tg β = AC2 +BC2 −AB22AC · BC

= tgα tg γ + tg β tg γ − tgα tg β2√tgα tg β · tg γ .�®¬®� ï íâ® à ¢¥áâ¢®   2√tgα tgβ, ¬ë ¯®«ãç¨¬
−2√tgα tgβ − 1 = tgα+ tgβ − tg γ =⇒ tg γ = tgα+ tg β + 2√tgα tg β − 1.Ǒ®«®�¨¬ x = tgα+ tg β. Ǒ® ãá«®¢¨î α+ β = artg 43 , ®âªã¤ tgα tg β − 1 = tg(α+ β)(tgα+ tg β) = 34 x ¨ tg γ = x+√3x.�¨á«  tgα ¨ tg β ï¢«ïîâáï ª®àï¬¨ ª¢ ¤à â®£® ãà ¢¥¨ï t2 − xt + 34 x + 1 = 0 (®â®á¨â¥«ì®¯¥à¥¬¥®© t). �® ¤®«�® ¨¬¥âì à¥è¥¨ï, ¯®íâ®¬ã

x2 − 3x− 4 > 0⇐⇒ x > 4⇐⇒ tg γ > 4 + 2√3 ⇐⇒ γ 6 artg(4 + 2√3 ).� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ tgα = tg β = 2. �



� à¨ â 101. � ª®¥  ¨¡®«ìè¥¥ ª®«¨ç¥áâ¢® « ¤¥© ¬®�® à ááâ ¢¨âì   è å¬ â®© ¤®áª¥ â ª, çâ®¡ë ª �-¤ãî « ¤ìî ¡¨«® ¥ ¡®«¥¥ ¤¢ãå ¤àã£¨å? � ¤ìï ¥ ¡ì¥â  áª¢®§ì ç¥à¥§ ¤àã£ãî ä¨£ãàã.�â¢¥â: 16.�¥è¥¨¥. Ǒãáâì n| ®¡é¥¥ ç¨á«® « ¤¥©, áà¥¤¨ ª®â®àëåm ¥ã£«®¢ëå. � �¤®© ¥ã£«®¢®© « ¤ì¥
L á®¯®áâ ¢¨¬ ¯ àã ª«¥â®ª ¯¥à¨¬¥âà  ¤®áª¨ á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨ L | ¥ªà ¥¢ ï « ¤ìï, â®®  ¡ì¥â å®âï ¡ë ¤¢¥ á¢®¡®¤ë¥ ªà ¥¢ë¥ ª«¥âª¨. �å ¬ë ¨ ¢®§ì¬¥¬ (¥á«¨ â ª¨å ª«¥â®ª ¡®«ìè¥ ¤¢ãå,â® ¯®¤®©¤¥â «î¡ ï ¯ à ). �á«¨ L | ªà ¥¢ ï « ¤ìï, â® ®  ¡ì¥â å®âï ¡ë ®¤ã á¢®¡®¤ãî ªà ¥¢ãîª«¥âªã. �ë¡¥à¥¬ ¥¥,   â ª�¥ âã ª«¥âªã,   ª®â®à®© L áâ®¨â.� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨  ¡®à ¨§ 2m ª«¥â®ª ¯¥à¨¬¥âà  ¤®áª¨. � íâ®¬  ¡®à¥ ¥ã£«®¢ë¥ª«¥âª¨ ¥ ¯®¢â®àïîâáï,   ¥ª®â®àë¥ ã£«®¢ë¥ ¬®£ãâ ¢áâà¥ç âìáï ¤¢ �¤ë. Ǒãáâì â ª¨å ª«¥â®ª k.� ¬¥â¨¬, çâ® k 6 4− (n−m) ¨ 2m− k 6 28− (n−m). Ǒ®íâ®¬ã2n = 2m+ 2(n−m) 6 28− (n−m) + k + 2(n−m) 6 28 + (n−m) + 4− (n−m) = 32.� ç¨â, n 6 16. �®§¬®�ë¥ à ááâ ®¢ª¨ á 16 « ¤ìï¬¨ ¯®ª § ë   à¨áãª¥. �rs Z Z ZsrZ Z ZZrs Z ZZ srZ ZZ Zrs ZZ Z srZZ Z ZrsZ Z Z sr

rsrsrsrss Z Z ZrZ Z Z Zs Z Z ZrZ Z Z Zs Z Z ZrZ Z Z Zs Z Z Zr2. �¨á«  x, y, z | ã£«ë ¥ª®â®à®£® âà¥ã£®«ì¨ª , ®¤¨ ¨§ ª®â®àëå ¥ ¬¥ìè¥ π2 . � ©¤¨â¥ ¬ ª-á¨¬ «ì®¥ § ç¥¨¥ ¢ëà �¥¨ï
A = osx+ os y + os z + os(x − y) + os(y − z) + os(z − x).�â¢¥â: 2√2 + 1.�¥è¥¨¥. � ª ª ª A ¥ ¬¥ï¥âáï ¯à¨ ¯¥à¥áâ ®¢ª¥ ¯¥à¥¬¥ëå, ¬ë ¬®�¥¬ áç¨â âì, çâ® z > π2 .� ª ª ª os(y − z) = − os(x+ 2y), os(z − x) = − os(2x+ y) ¨ os z = − os(x+ y), ¬ë ¯®«ãç¨¬

A = osx− os(x+ 2y) + os y − os(2x+ y) + os(x− y)− os(x+ y) == 2 (sin(x+ y) sin y + sin(x+ y) sinx+ sinx sin y).� ¬¥â¨¬, çâ® x+y = π−z 6 π2 . �á«¨ ¥à ¢¥áâ¢® áâà®£®¥, â® § ¬¥¨¬ y   π2 −x. �®£¤  ã¢¥«¨ç âáïsin(x + y) ¨ sin y,   § ç¨â, ¨ A. � ª¨¬ ®¡à §®¬, ¬ ªá¨¬ã¬ A à¥ «¨§ã¥âáï ¯à¨ x + y = π2 . � íâ®¬á«ãç ¥
A = 2 (osx+ sinx) + 2 sinx osx = 2√2 sin(x+ π4 )+ sin 2x 6 2√2 + 1.� ç¥¨¥ 2√2 + 1 ¤®áâ¨£ ¥âáï ¯à¨ x = y = π4 , z = π2 . �3. �  ç¥âëà¥åã£®«ì¨ª ABCD, ®â«¨çë© ®â ¯ à ««¥«®£à ¬¬ . �  «ãç å AB, CB, CD ¨ AD¢¥ áâ®à® ç¥âëà¥åã£®«ì¨ª  ABCD ¢ë¡¨à îâáï á®®â¢¥âáâ¢¥® â®çª¨ K, L, M ¨ N â ª,çâ® KL ‖ MN ‖ AC ¨ LM ‖ KN ‖ BD. � ©¤¨â¥ £¥®¬¥âà¨ç¥áª®¥ ¬¥áâ® â®ç¥ª ¯¥à¥á¥ç¥¨ï¤¨ £® «¥© ¯ à ««¥«®£à ¬¬ .�â¢¥â: «ãç, ¨¤ãé¨© ¨§ á¥à¥¤¨ë AC ç¥à¥§ á¥à¥¤¨ã BD, §  ¢ëç¥â®¬ ®âà¥§ª , á®¥¤¨ïîé¥£®íâ¨ â®çª¨.
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�¥è¥¨¥. Ǒãáâì O ¨ T| â®çª¨ ¯¥à¥á¥ç¥¨ï AC á®®â¢¥âáâ¢¥® á BD ¨ LM , S | â®çª  ¯¥à¥á¥-ç¥¨ï ¯àï¬®© BD á KL, E | â®çª  ¯¥à¥á¥ç¥¨ï ¤¨ £® «¥© KLMN . Ǒà®¢¥¤¥¬ ç¥à¥§ E ¯àï¬ë¥,¯ à ««¥«ìë¥ ¤¨ £® «ï¬ ABCD, ¨ ®¡®§ ç¨¬ â®çª¨ ¨å ¯¥à¥á¥ç¥¨ï á AC ¨ BD ç¥à¥§ F ¨ Gá®®â¢¥âáâ¢¥® (á¬. à¨áã®ª). Ǒ®«®�¨¬ λ = BL
BC

, x = AO, y = OC. �®£¤ 
CF = CT − TF = (λ+ 1)CO − 12 KL = (λ+ 1)CO − 12 λ ·AC = (λ + 1) y − 12 λ (x + y).Ǒãáâì P ¨ Q | á¥à¥¤¨ë ®âà¥§ª®¢ AC ¨ BD á®®â¢¥âáâ¢¥®. � ¬¥â¨¬, çâ®

CO − CF = y − (λ+ 1) y + 12 λ (x+ y) = −λ
(
y − 12 (x+ y)) = −λ (CO − CP ).Ǒ®íâ®¬ã â®çª¨ P ¨ F «¥� â ¯® à §ë¥ áâ®à®ë ®â O ¨ OF = λ · OP .Ǒ®«®�¨¬ â¥¯¥àì z = BO, w = OD. �®£¤ 

BG = SG− SB = 12 LM − λ · BO = 12 (λ+ 1)BD − λ ·BO = 12 (λ+ 1) (z + w) − λ z,®âªã¤ 
BO −BG = z − 12 (λ + 1)(z + w) + λ z = (λ+ 1)(z − 12 (z + w)) = (λ + 1)(BO −BQ).Ǒ®íâ®¬ã â®çª¨ Q ¨ G «¥� â ¯® ®¤ã áâ®à®ã ®â O ¨ OG = (λ + 1)OQ, â® ¥áâì QG = λ ·OQ.�áâ «®áì § ¬¥â¨âì, çâ®

−→
QE = −→

QG+−→
GE = −→

QG+−→
OF = λ

(−→
OQ −−→

OP
) = λ · −→PQ,£¤¥ λ | ¯à®¨§¢®«ì®¥ ¯®«®�¨â¥«ì®¥ ç¨á«®. � ç¨â, â®çª¨ E § ¯®«ïîâ á®¡®© ¢¥áì «ãç, ¨¤ãé¨©¨§ Q ¢  ¯à ¢«¥¨¨ −→

PQ. �4. � âãà «ì®¥ ç¨á«® x ¢ ¢®áì¬¥à¨ç®© á¨áâ¥¬¥ 2018-§ ç®¥, ¨ ¥£® æ¨äàë ¯®¢â®àïîâáï ç¥à¥§®¤ã. �ª § «®áì, çâ® ¢®áì¬¥à¨ç ï § ¯¨áì x2 á®¤¥à�¨â â®«ìª® æ¨äàë 3 ¨ 4, ¯à¨ç¥¬ ¢ à ¢®¬ª®«¨ç¥áâ¢¥. � ©¤¨â¥ x2 (¢ ¢®áì¬¥à¨ç®© á¨áâ¥¬¥).�â¢¥â: x2 = 34 . . .34
︸ ︷︷ ︸2016 æ¨äà 33 43 . . .43︸ ︷︷ ︸2016 æ¨äà 44 ¯à¨ x = 52 . . .52

︸ ︷︷ ︸2018 æ¨äà.�¥è¥¨¥ 1. Ǒãáâì x = (ab . . . ab). �®£®¢®à¨¬áï ¢®áì¬¥à¨çë¥ ç¨á«  ¯¨á âì ¢ áª®¡ª å, çâ®¡ë®â«¨ç âì ¨å ®â ¤¥áïâ¨çëå. �®£¤  ¯®á«¥¤ïï æ¨äà  x2 à ¢  b2mod 8. �§ â ¡«¨æë
b 0 1 2 3 4 5 6 7

b2mod 8 0 1 4 1 0 1 4 1



ïá®, çâ® b = 2 ¨«¨ b = 6. � ¬¥â¨¬, çâ® x2mod 7 = 2018 · (3 + 4)mod 7 = 0. Ǒ®íâ®¬ã0 = xmod 7 = 2018 (a+ b)mod 7 = 2 (a+ b)mod 7, ®âªã¤  a = 7− b.�«ãç © b = 6 ¥ ¯®¤å®¤¨â, ¯®áª®«ìªã (16 . . . 16)2 ®ª ç¨¢ ¥âáï   04. � ç¨â, x = (52 . . . 52).�ë ¯®ª  ¥ § ¥¬, ã¤®¢«¥â¢®àï¥â «¨  ©¤¥®¥ ç¨á«® x ãá«®¢¨î § ¤ ç¨. �â®¡ë ã¡¥¤¨âìáï ¢ íâ®¬¨ ¯®«ãç¨âì ®â¢¥â, ¢ëç¨á«¨¬ x2. Ǒãáâì n = 1009. � ¬¥â¨¬, çâ®3x = (17 . . . 76) = 2 · 82n − 2, ®âªã¤  9x2 = (82n − 1)(4 · 82n − 4).�¨á«® 4 · 82n − 4 ªà â® 9, ¯®áª®«ìªã 82nmod 9 = 1. � ª ª ª (400) = (11) · (34) + 4, ¤«ï «î¡®£® âãà «ì®£® m ¢¥à® à ¢¥áâ¢®4 · 82m = (11) · (34) · 82m−2 + 4 · 82m−2.Ǒà¨¬¥ïï ¥£® ¤«ï m = n, m = n− 1 ¨ â ª ¤ «¥¥, ¬ë ¯®«ãç¨¬4 · 82n = (11) · (3434 . . .34) + 4 = 9 (q + 1) + 4, £¤¥ q = ( 3434 . . .34
︸ ︷︷ ︸2n−2 æ¨äà 33).�®£¤ 

x2 = (82n − 1)(q + 1) = 82nq + 82n − (q + 1) = ( 3434 . . .34
︸ ︷︷ ︸2n−2 æ¨äà 33 4343 . . .43

︸ ︷︷ ︸2n−2 æ¨äà 44). ��¥è¥¨¥ 2. �®£®¢®à¨¬áï ¯¨á âì ç¨á«  ¢ ¢®áì¬¥à¨ç®© á¨áâ¥¬¥. Ǒãáâì x = ab . . . ab. Ǒ®á«¥¤ïïæ¨äà  x2 à ¢  b2mod 8. �§ â ¡«¨æë
b 0 1 2 3 4 5 6 7

b2mod 8 0 1 4 1 0 1 4 1ïá®, çâ® b = 2 ¨«¨ b = 6. � ¬¥â¨¬, çâ® x2mod 7 = 2018 (3 + 4)mod 7 = 0. Ǒ®íâ®¬ã0 = xmod 7 = 2018 (a+ b)mod 7 = 2 (a+ b)mod 7, ®âªã¤  a = 7− b.�«ãç © b = 6 ¥ ¯®¤å®¤¨â, ¯®áª®«ìªã 16 . . .162 ®ª ç¨¢ ¥âáï   04. � ç¨â, ç¨á«® x ¬®�¥â ¡ëâìà ¢® â®«ìª® 52 . . . 52.�®ª �¥¬ ¯® ¨¤ãªæ¨¨, çâ® ¯à¨ «î¡®¬  âãà «ì®¬ n52 . . . 52
︸ ︷︷ ︸2n æ¨äà 2 = 34 . . .34

︸ ︷︷ ︸2n−2 æ¨äà 33 43 . . .43
︸ ︷︷ ︸2n−2 æ¨äà 44.Ǒ®«®�¨¬ xn = 52 . . .52

︸ ︷︷ ︸2n æ¨äà . � §  ¨¤ãªæ¨¨ ®ç¥¢¨¤ : 522 = 3344. �®¯ãáâ¨¬, çâ® à ¢¥áâ¢® ¢¥à® ¯à¨¥ª®â®à®¬ n. �®£¤  xn+1 = 82xn + 52. � ¬¥â¨¬, çâ®2 · 52 · xn = 2 · 3344 · (1 + 82 + . . .+ 82n−2) = 2 · 42210 · 82n − 16310 = 5610 · (82n − 1) = 7 · 82n+1 − 70.Ǒ®íâ®¬ã
x2n+1 = 84x2n + 522 + 82 · 2 · 52 · xn = 34 . . . 34

︸ ︷︷ ︸2n−2 33 43 . . .43
︸ ︷︷ ︸2n−2 443344+ 7 0 . . . 0

︸ ︷︷ ︸2n+3 −7000 == 34 . . . 34 34
︸ ︷︷ ︸2n 33 43 . . .43

︸ ︷︷ ︸2n−4 443344− 7000 = 34 . . . 34
︸ ︷︷ ︸2n 33 43 . . .43

︸ ︷︷ ︸2n 44,



çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì. �5. � ®¤®ªàã£®¢®¬ âãà¨à¥ ¯®  áâ®«ì®¬ã â¥¨áã ãç áâ¢®¢ «® n â¥¨á¨áâ®¢ (n > 3). �ã¤¥¬£®¢®à¨âì, çâ® ¨£à®ª A ªàãç¥ ¨£à®ª  B, ¥á«¨ A ¢ë¨£à « ã B ¨«¨  ©¤¥âáï â ª®© ¨£à®ª C, çâ®
A ¢ë¨£à « ã C,   C ¢ë¨£à « ã B. Ǒà¨ ª ª¨å n ¯® ¨â®£ ¬ âãà¨à  ¬®£«® ®ª § âìáï â ª, çâ®ª �¤ë© ¨£à®ª ªàãç¥ ¢á¥å ®áâ «ìëå? �¨çì¨å ¢ â¥¨á¥ ¥ ¡ë¢ ¥â.�â¢¥â: n 6= 4.

A

B C

D

EF�¥è¥¨¥. �®£®¢®à¨¬áï á¨¬¢®«®¬ X → Y ®â¬¥ç âì ä ªâ ¯®¡¥¤ë X  ¤ Y . �®ª �¥¬ á«¥¤ãîé¥¥ãâ¢¥à�¤¥¨¥: ¥á«¨ ¥ª®â®à®¥ n ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨, â® n + 2 | â®�¥. �®¡ ¢¨¬ ªâãà¨àã á n ãç áâ¨ª ¬¨ ®¢ëå â¥¨á¨áâ®¢ A ¨ B. Ǒà¥¤¯®«®�¨¬, çâ® A ¢ë¨£à « ã B ¨ ¯à®¨£à «¢á¥¬ ®áâ «ìë¬,   B ¯®¡¥¤¨« ¢á¥å, ªà®¬¥ A. Ǒãáâì C | â¥¨á¨áâ, ®â«¨çë© ®â A ¨ B. � ª ª ª
A → B → C → A, ¢ âà®©ª¥ A,B,C ª �¤ë© ªàãç¥ ¤¢ãå ¤àã£¨å,   íâ® ¨ ã�® ¤®ª § âì.� ¬¥â¨¬, çâ® ¢á¥ ¥ç¥âë¥ n > 3  ¬ ¯®¤å®¤ïâ. �¥©áâ¢¨â¥«ì®, ¢®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® ná è £®¬ 2. �¤ãªæ¨®ë© ¯¥à¥å®¤ ¢ëâ¥ª ¥â ¨§ ¤®ª § ®£® ãâ¢¥à�¤¥¨ï,   ¡ §  ®ç¥¢¨¤ : ¤«ïâ¥¨á¨áâ®¢ A,B,C ¯®«®�¨¬ A → B → C → A.Ǒ®ª �¥¬, çâ® n = 4 ¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î § ¤ ç¨. Ǒà¥¤¯®«®�¨¬ ¯à®â¨¢®¥. �¡®§ ç¨¬ãç áâ¨ª®¢ ç¥à¥§ A,B,C,D. �à¥¤¨ ¨å å®âï ¡ë ®¤¨ ®¤¥à� « ¡®«¥¥ ®¤®© ¯®¡¥¤ë (¨ ç¥ áã¬¬ à®¥ç¨á«® ¯®à �¥¨© ¥ ¬¥¥¥ 8, çâ® ¥¢®§¬®�® ¯à¨ 6 áë£à ëå ¯ àâ¨ïå). Ǒãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨
A → B ¨ A → C. Ǒ®áª®«ìªã B ¨ C ªàãç¥ A, ¬ë ¯®«ãç¨¬ B → D → A ¨ C → D → A. �® â®£¤ ¯à®¨£à ¢è¨© ¢ ¯ à¥ {B,C} ¥ ¡ã¤¥â ªàãç¥ ¢ë¨£à ¢è¥£®.�áâ «®áì ¯®ª § âì, çâ® ¢á¥ ç¥âë¥ n > 6   ãáâà ¨¢ îâ. �®¢ì ¢®á¯®«ì§ã¥¬áï ¨¤ãªæ¨¥© ¯® n áè £®¬ 2. �¤ãªæ¨®ë© ¯¥à¥å®¤ ¢ëâ¥ª ¥â ¨§ ¤®ª § ®£® à ¥¥ ãâ¢¥à�¤¥¨ï,   ¯à¨¬¥à ¤«ï n = 6¯®ª §    à¨áãª¥. �6. �  áâ®«¥ «¥� â ¤¢  ª®ãá  á ®¡é¥© ¢¥àè¨®© O, ª á ïáì ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬. �£®«¬¥�¤ã ¨å ®áï¬¨ á¨¬¬¥âà¨¨ à ¢¥ artg 125 . � ©¤¨â¥ ¬ ªá¨¬ «ìë© ã£®« ¯à¨ ¢¥àè¨¥ ¡®«ìè¥£®¨§ ¤¢ãå ª®ãá®¢ á ¢¥àè¨®© O, ª®â®àë¥ «¥� â   áâ®«¥ ¨ ª á îâáï ¢¥è¨¬ ®¡à §®¬ ¯¥à¢ëå¤¢ãå ª®ãá®¢. (�£«®¬ ¯à¨ ¢¥àè¨¥ ª®ãá   §ë¢ ¥âáï ã£®« ¬¥�¤ã ¥£® ®¡à §ãîé¨¬¨ ¢ ®á¥¢®¬á¥ç¥¨¨.)�â¢¥â: 2 artg(3−√5 ).

O

A B

O1

O2
D

α
β

O

A B

C



�¥è¥¨¥. Ǒãáâì 2α, 2β, 2γ | ã£«ë ¯à¨ ¢¥àè¨¥ ª®ãá®¢. �â«®�¨¬ ¥¤¨¨çë¥ ®âà¥§ª¨ OA, OB,
OC   «¥� é¨å ¢ ¯«®áª®áâ¨ áâ®«  ®¡à §ãîé¨å ª®ãá®¢. Ǒãáâì O1 ¨ O2 | â®çª¨   ®áïå á¨¬¬¥âà¨¨¯¥à¢ëå ¤¢ãå ª®ãá®¢, ¯à®¥ªæ¨ï¬¨ ª®â®àëå   áâ®« ï¢«ïîâáï â®çª¨ A ¨ B, OD | ¥¤¨¨çë©®âà¥§®ª   ®¡é¥© ®¡à §ãîé¥© íâ¨å ª®ãá®¢. �à¥ã£®«ì¨ª¨ OO1A ¨ OO1D à ¢ë ¯® ¤¢ã¬ áâ®à® ¬¨ ã£«ã, ®âªã¤  DO1 ⊥ DO ¨ DO1 = AO1 = tgα. � «®£¨çë¬ ®¡à §®¬DO2 = BO2 = tg β. Ǒ®íâ®¬ã

AB2 = O1O22 − |AO1 −BO2|2 = (tgα+ tg β)2 − (tgα− tg β)2 = 4 tgα tg β.Ǒà¨¬¥ïï â¥ �¥ à ááã�¤¥¨ï ª ¤¢ã¬ ¤àã£¨¬ ¯ à ¬ ª®ãá®¢, ¬ë ¯®«ãç¨¬
AC2 = 4 tgα tg γ, BC2 = 4 tgβ tg γ.Ǒãáâì ϕ = ∠AOB. Ǒ®áª®«ìªã  ¬ ã�¥ ¡®«ìè¨© ¨§ ¤¢ãå ¢®§¬®�ëå âà¥âì¨å ª®ãá®¢, «ãç OC«¥�¨â ¢¥ ã£«  AOB. �®£¤  (á¬. ¯à ¢ë© à¨áã®ª)2∠ACB = 2∠ACO + 2∠OCB = π − 2∠OAB = ∠AOB = ϕ =⇒ ∠ACB = ϕ2 .� ¬¥â¨¬, çâ® sin ϕ2 = AB2AO = √tgα tg β ¨ os∠ACB = os ϕ2 =√1− tgα tg β.Ǒ® â¥®à¥¬¥ ª®á¨ãá®¢ ¤«ï âà¥ã£®«ì¨ª  ABC

√1− tgα tgβ = AC2 +BC2 −AB22AC · BC
= tgα tg γ + tg β tg γ − tgα tg β2√tgα tg β · tg γ .�®¬®� ï íâ® à ¢¥áâ¢®   2√tgα tgβ, ¬ë ¯®«ãç¨¬2√tgα tg β − 1 = tgα+ tgβ − tg γ =⇒ tg γ = tgα+ tgβ − 2√tgα tgβ − 1.Ǒ®«®�¨¬ x = tgα+ tg β. Ǒ® ãá«®¢¨î α+ β = artg 125 , ®âªã¤ tgα tgβ − 1 = tg(α+ β)(tgα+ tg β) = 512 x ¨ tg γ = x−

√ 53 x = (√
x−

√ 512)2 + 512 .� ¬¥â¨¬, çâ® ¯à ¢ ï ç áâì ¢®§à áâ ¥â ¯® x   [3,+∞). �¨á«  tgα ¨ tg β ï¢«ïîâáï ª®àï¬¨ª¢ ¤à â®£® ãà ¢¥¨ï t2 − xt + 512 x + 1 = 0 (®â®á¨â¥«ì® ¯¥à¥¬¥®© t). �® ¤®«�® ¨¬¥âìà¥è¥¨ï, ¯®íâ®¬ã
x2 − 53 x− 4 > 0 ⇐⇒ x > 3 ⇐⇒ tg γ > 3−√5 ⇐⇒ γ 6 artg(3−√5 ).� ¢¥áâ¢® à¥ «¨§ã¥âáï ¯à¨ tgα = tg β = 5. �


